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SOMMAIRE 



Nous definissons dans cette these la notion de complementation de graphes 
bicolories et les notions de graphe pur et de graphe inversible. L'etude des graphes 
purs est motivee par deux conjectures concernant les systemes de transitions de 
graphes euleriens et par la conjecture de double recouvrement. 

L'utilisation de regies de substitution nous permet de determiner quand deux 
suites de complementation donnent le meme graphe. Pour les graphes bicolories, 
ces suites de complementation font place a des ensembles de complementation. 

Les graphes inversibles (les graphes bicolories dont l'ensemble des sommets est 
un ensemble de complementation) ont ceci de particulier que leur inverse possede 
les memes automorphismes. L'inversibilite se definit aussi pour les graphes non 
colories en les munissant de leur coloriage naturel. 

II est propose que la caracterisation des graphes purs permettrait de valider 
la conjecture de double recouvrement. Nous decrivons comment les graphes purs 
ont des factorisations essentielles en graphes purs primitifs. Les quatre classes 
de parite connues de graphes purs primitifs sont presentees. Les listings des pro- 
grammes ayant permis d'etablir la purete de ces graphes sont inclus. 

mots cles : complementarite locale, systemes de transitions, graphes purs, graphes 
inversibles, graphes euleriens, double recouvrement, orthogonalite. 



SUMMARY 



We define pure graphs, invertible graphs, and the notion of complementation 
of bicoloured graphs. The study of pure graphs is motivated by two conjectures 
about the transition systems of eulerian graphs and by the Cycle Double Cover 
Conjecture. 

We show how substitution rules can be used to determine when two comple- 
mentation words produce the same graph. For bicoloured graphs, complementa- 
tion words give way to complementation sets. 

The invertible graphs (bicoloured graphs whose vertex set is a complementa- 
tion set) are shown to have the property that their inverse has the same auto- 
morphisms. The property of being invertible can also be defined for non-coloured 
graphs by endowing them with their natural colouring. 

It is proposed that a characterization of pure graphs would contribute to esta- 
blish the truth of the Cycle Double Cover Conjecture. We show how pure graphs 
have essential factorizations into primitive pure graphs. The four primitive pure 
parity classes are presented. Included are the listings of the programs used to test 
graphs for purity. 

keywords : local complementation, transition systems, pure graphs, invertible 
graphs, eulerian graphs, double cycle cover, orthogonality. 
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INTRODUCTION 



Voici un graphe simple (sans boucles ni aretes multiples) dont chaque sommet 
est colorie en blanc ou en noir : 

Ul 




Peut-on trouver un sous-ensemble A des sommets du graphe qui soit un indepen- 
dant (aucune paire de sommets ne sont adjacents) maximal (tout autre sommet 
a un voisin dans A) et qui ne contienne que des sommets noirs? Un tel sous- 
ensemble est appele une anticlique noire. 

II est assez facile de se convaincre que, dans l'exemple presente, le graphe 
n'admet aucune anticlique noire. En effet, les sommets blancs u 3 et uj n'ont 
chacun qu'un seul sommet noir comme voisin. Toute anticlique noire devrait done 
contenir a la fois les sommets u\ et 114, mais ceux-ci sont adjacents. 

Definissons maintenant un jeu dont le but est encore de trouver une anticlique 
noire, mais dans lequel il est permis de modifier le graphe de depart en effectuant 
certaines complementations locales. Complementer localement un graphe par rap- 
port a un sommet donne, e'est inverser les adjacences entre ses voisins. (c.-a-d. si 
v et w sont adjacents aw et qu'il y a une arete entre v et w, la complementation 
locale par rapport a u fait disparaitre cette arete ; s'il n'y en a pas, elle en fait 
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apparaitre une). Par exemple, les graphes G et H suivants s'obtiennent l'un de 

l'autre en complementant par rapport a u : 

w w 




G H 
Dans ce jeu, il est permis de jouer a un sommet blanc, ce qui effectue une com- 
plementation locale par rapport a ce sommet et qui, en plus, inverse la couleur 
de chacun des voisins. II est egalement permis de jouer a une arete incidente avec 
deux sommets noirs, disons u et v, ce qui produit le meme effet que trois comple- 
mentations locales successives : d'abord par rapport a u, puis a v et de nouveau 
a u (ceci est bien defini car inverser les roles de u et v produit le meme resultat). 
En jouant au sommet u-i dans l'exemple donne, nous obtenons : 




II ne restera plus qu'a jouer au sommet uj pour creer une anticlique noire A = 
{u 3 ,u 5 } dans le graphe resultant. 

En permettant ces operations, l'experience demontre que le jeu a une solution 
pour la grande majorite des graphes bicolories blanc et noir. C'est-a-dire qu'apres 
un certain nombre de coups nous avons toutes les chances de faire surgir une 
anticlique noire. Comme souvent en mathematiques, ce sont les exceptions qui 
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vont nous interesser : les graphes bicolories pour lesquels le jeu ne fait apparaitre 
aucune anticlique noire sont appeles les graphes purs. 

II est difficile de croire que ce jeu etrange soit en relation avec les graphes 
euleriens. C'est pourtant le cas et, lorsqu'on se restreint a un certain type de 
graphes (les graphes de cordes 1 , circle graphs en anglais), ce jeu est equivalent 
a un probleme connu. Nous verrons comment l'etude des graphes purs permet 
de mieux cerner ce probleme et jette un eclairage nouveau sur la conjecture de 
double recouvrement. 

Pour mieux manipuler et decrire les graphes qui apparaissent au cours du jeu, 
il est naturel de se fixer un graphe de depart et d'identifier les autres graphes 
a l'aide des suites de coups permettant de les obtenir. Dans le premier article, 
nous chercherons a formaliser ces suites de coups, ce seront les suites de parite, 
et nous verrons comment trouver des suites les plus simples possibles. Ce faisant, 
nous serons recompenses de notre diligence par un resultat etonnant permettant 
d'obtenir, a partir de certains graphes que nous appellerons inversibles, d'autres 
graphes ayant les memes automorphismes. Dans le second article, nous etablirons 
le lien entre le probleme auquel nous faisions allusion plus haut, qui concerne 
les systemes de transitions de graphes euleriens, et les graphes purs. Aussi, nous 
verrons comment les graphes purs ont des factorisations essentielles en graphes 
purs primitifs. Enfin, les quatre graphes purs primitifs connus (a transformation 
par le jeu pres) seront presentes. 

0.1. Definitions 

Les definitions les plus importantes sont incluses. La ou elles different de 
celles qu'on peut trouver dans la litterature, c'est par souci de concision et de 
clarte dans le cadre du sujet expose dans cette these. Pour les definitions de base 
qui n'apparaissent pas dans cette section, comme les notions d'isomorphisme de 

^Xes graphes de cordes, aussi appeles graphes d'alternance, ne doivent pas etre confondus 
aves les graphes a cordes (en englais, chordal graphs). 
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graphes et de connexite, le lecteur peut se referer au livre de Bondy et Murty 
[BM]. 

Definition 0.1.1. Un graphe G = (V,E) est constitue de deux ensembles 
disjoints V et E dont les elements sont appeles respectivement les sommets et 
les aretes de G et d'une fonction d' incidence qui associe a chaque arete e soit un 
sommet, auquel cas e est appelee une boucle, ou soit une paire non ordonnee de 
sommets distincts. On dit de ces sommets qu'il sont incidents avec l'arete e, ou 
encore que ce sont les incidences de e. 

Uordre de G est le nombre de sommets du graphe. Si une arete e a les inci- 
dences u et v, on dit que e relie ces sommets et que u et v sont adjacents. Deux 
aretes distinctes ayant une incidence en commun sont egalement dites adjacentes. 

Definition 0.1.2. Des aretes distinctes sont multiples si elles ont les memes 
incidences. Un graphe sans boucles ni aretes multiples est un graphe simple. 

Dans le cas d'un graphe simple, nous adoptons la convention d'identifier 
chaque arete avec ses incidences, que nous notons entre crochets (c.-a-d. [u, v] 
pour l'arete reliant u et v ). 

Definition 0.1.3. Un chemin dans un graphe est une suite u eiUie2U 2 . ■ .e n u n 
telle que est une arete ayant les incidences U{-\ et Ui, i = 1, ...,n. Le chemin 
est ferme si uq = u n . 

Definition 0.1.4. Une chaine dans un graphe est une marche dont les som- 
mets sont distincts. 

Definition 0.1.5. Un parcours dans un graphe est une suite u eiUie2U2---e n 
telle que M e 1 M 1 e 2 M2---e„Mo est un chemin ferme dont les aretes sont distinctes. 

En general, le debut ou la direction du parcours importent peu. Aussi, on dira 
que e n et e± sont des aretes successives. II existe une formalisation des parcours 
permettant d'eviter de choisir un sommet de depart, ce sont les permutations 
euleriennes (Sabidussi [Sa]). Cependant, dans cette these, nous nous limiterons 
aux parcours tels que definis precedemment. 
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Definition 0.1.6. Un parcours est eulerien s'il contient toutes les aretes du 
graphe. Un graphe est eulerien s'il admet un parcours eulerien. 

Definition 0.1.7. Un graphe Gi = (Vi,Ei) est un sous-graphe du graphe 
G2 = (V 2 ,E 2 ) si V\ C V 2 , Ei C E 2 et si chaque arete e G E 1 a les memes 
incidences dans G\ et G 2 . C'est un sous-graphe induit si toute arete de G 2 ayant 
ses incidences dans V\ est dans E\. 

Definition 0.1.8. Le degre d'un sommet u est deux fois le nombre de boucles 
incidentes avec u plus le nombre des autres aretes incidentes avec u. Un graphe 
est d-regulier (ou simplement regulier) si tous ses sommets ont le meme degre d. 
Un sommet de degre nul est dit isole. 

Definition 0.1.9. Le sous-graphe de G = (V,E) induit par V C V est 
l'unique sous-graphe induit de G dont l'ensemble de sommets est V. Le sous- 
graphe de G induit par E' C E est le sous-graphe G' = (V, E') ou V C V est 
l'ensemble des incidences des aretes dans E' . 

Definition 0.1.10. Un cycle est un graphe non vide, 2-regulier et connexe. 
Un cycle d'un graphe G est un cycle qui est sous-graphe de G. Un m-cycle est un 
cycle d'ordre m (par exemple, un 1-cycle est induit par une boucle). Une arete 
n'appartenant a aucun cycle de G est un isthme de G. 

Definition 0.1.11. Une decomposition en cycles (ou en parcours) d'un graphe 
G sans sommet isole est une famille de cycles (parcours) de G telle que chaque 
arete de G appartient a exactement un de ces cycles (parcours). 

0.2. CARACTERISATION DES GRAPHES EULERIENS 

Le theoreme elementaire suivant, dont l'objet est la caracterisation des graphes 
euleriens, reunit des resultats apparus au cours d'une periode de pres de deux 
cents ans, depuis un article d'Euler depose en 1735 jusqu'a un resultat de Veblen 
en 1922. II est utile de s'y attarder un moment car il restera en filigrane dans le 
reste de cette these. 
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Theoreme 0.2.1. Soit G un graphe sans sommet isole et avec un nombre fini 
de sommets et d 'aretes. Les enonces suivants sont equivalents : 

(1) G est eulerien; 

(2) tous les degres de G sont pairs et G est connexe ; 

(3) G a une decomposition en cycles et il est connexe. 

Demonstration. (1)=>(2) Soit w un parcours eulerien de G. Comme w relie 
chaque paire de sommet de G, celui-ci est connexe. Chaque passage du parcours 
a un sommet u contribue 2 au degre de u (une fois a l'entree et une fois a la 
sortie). Done tous les degres de G sont pairs. 

(2) =>(3) Demontrons l'affirmation plus generate que tout graphe sans sommet 
isole dont les degres sont pairs possede une decomposition en cycles. C'est vrai 
pour le graphe vide. Soit une chaine w = u§e\U\...e n u n non vide de longueur maxi- 
male. Le sommet u n etant de degre pair, il est incident avec une arete e n+ i ^ e n . 
Si e n+ i est une boucle, elle induit un cycle. Sinon, puisque la chaine est maximale, 
l'autre incidence de e„+i doit etre Ui ou i G {0, ...,n — 1} et dans ce cas, le chemin 
ferme Ujej + iWj + i...e n+ itij coincide avec un cycle du graphe. En retirant du graphe 
les aretes d'un cycle, puis les sommets isoles restants, nous obtenons un graphe 
dont les degres sont pairs. Le resultat en decoule, par induction sur le nombre 
d'aretes. 

(3) =>-(l) Si le graphe est vide, le resultat est trivial. Nous allons construire une 
suite de parcours contenant successivement plus d'aretes. Soit C\ un cycle de la 
decomposition. Choisissons un parcours io de Ci. Si ce parcours ne contient pas 
toutes les aretes, puisque G est connexe, il existe un cycle C 2 de la decomposition 
ayant un sommet en commun avec w. Lors d'un passage du parcours a ce sommet, 
on peut interrompre w et parcourir C 2 avant de continuer. De cette fagon, on 
obtient un parcours utilisant les aretes de C\ et de C 2 . Ce procede permet de 
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modifier w pour parcourir successivement plus de cycles, jusqu'a ce que tous les 
cycles aient ete parcourus, auquel cas w est eulerien. □ 

0.3. HlSTORIQUE DU PROBLEME 

C'est avec Particle d'Euler sur le probleme des ponts de Konigsberg que cer- 
tains associent l'avenement de la theorie des graphes. II y est question de la cite 
medievale aujourd'hui appelee Kaliningrad, situee sur la riviere Pregel en Prusse. 
Euler y demande s'il est possible de trouver un chemin qui traverse chacun des 
sept ponts une et une seule fois. 




Y a-t-il un chemin traversant les sept ponts de Konigsberg ? 

Pour en donner la reponse, Euler fait une demonstration qui, dans le cas ou on 
demande de revenir au point de depart, se resume a la partie (l)=>-(2) du theoreme 
elementaire. Pour lui, la reciproque a peu d'interet et il faudra attendre en 1871 
pour que Hierholzer en fasse la preuve. Une historique interessante du probleme 
des ponts de Konigsberg se retrouve dans Wilson [W]. Inequivalence (2)4=>(3) fut 
d'abord esquissee en 1912 puis etablie en 1922 par Veblen [VI, V2]. 

En 1966, Kotzig [Kl] a introduit la notion d' orthogonalite dans les graphes 
euleriens. Etant donne une decomposition en parcours d'un graphe connexe 4- 
regulier, il s'est demande s'il etait toujours possible de trouver un parcours eu- 
lerien orthogonal a la decomposition, en ce sens qu'aucune paire d'aretes ne se 
succedent a la fois dans le parcours eulerien et dans un des parcours de la decom- 
position (nous appelerons des aretes successives et le sommet entre les deux une 
transition du parcours). 
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Se limitant aux graphes sans boucles, Kotzig a demontre que oui. Pour le voir, 
considerons un graphe eulerien dont les degres sont tous > 4. Choisissons comme 
point de depart un parcours eulerien w du graphe et modifions ce parcours par 
etapes, de fagon a reduire le nombre de transitions fautives jusqu'a zero. Soit 
{u, ei,e 2 } une transition fautive de w. Puisque u est de degre > 4, il existe au 
moins une autre paire d'aretes incidentes avec u, disons {e3, e^}, qui se succedent 
dans le parcours eulerien. A partir de ces deux transitions, on peut modifier le 
parcours de fagon canonique : si possible, on fait se succeder t\ et et aussi e 2 et 
e 4 , tout en laissant le reste du parcours inchange ; sinon on fait se succeder e\ et 
e 4 et egalement e 2 et e 3 . II est facile de voir que dans exactement un des deux cas 
nous obtenons un nouveau parcours eulerien. De plus, le nombre de transitions 
fautives dans ce parcours aura diminue de 1 ou 2. 

transition fautive 




DEFINITION 0.3.1. Une transition a un sommet u est soit un couple {u, e} ou 
e est une boucle incidente avec u ou soit un ensemble {u, e±,e 2 } ou e\ et e 2 sont 
des aretes distinctes incidentes avec u. Une transition d'un parcours w (ou d'un 
cycle C) a un sommet u est une transition dont les aretes se succedent dans w 
(sont adjacentes dans C). Un systeme de transitions d'un graphe G est l'ensemble 
des transitions d'une decomposition en parcours ou en cycles de G. 

Definition 0.3.2. Deux systemes de transitions sont orthogonaux s'ils n'ont 
aucune transition en commun. Un parcours eulerien ou une decomposition en 
cycles sont orthogonaux a un systeme de transitions donne si les sytemes de 
transitions qu'ils induisent le sont. 
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Le resultat de Kotzig peut done s'exprimer ainsi : un graphe eulerien G de 
degre minimal > 2 muni d'un systeme de transitions S admet un parcours eulerien 
orthogonal a S si et seulement si pour tout sommet u de degre 4 incident a une 
boucle e, la transition {u, e} est dans S. 

Etant donne les differentes caracterisations des graphes euleriens donnees par 
le theoreme elementaire, il est naturel de poser la question analogue : quand un 
graphe eulerien de degre minimal > 2 muni d'un systeme de transitions S admet-il 
une decomposition en cycles orthogonale a SI 

Une condition necessaire est que S ne contienne aucune transition induite 
par une boucle (les transitions de type {u, e}). De plus, tout graphe obtenu en 
retirant les aretes e\ et €2 d'une transition {u,e±,e2} G S doit etre connexe. Si 
ces conditions sont remplies, S est dit admissible. 

Cependant, il existe des cas ou Ton ne peut trouver de decomposition en 
cycles orthogonale a un systeme de transitions admissible. Par exemple, le graphe 
complet sur cinq sommets (K 5 ) muni d'un systeme de transitions correspondant 
a une decomposition en deux 5-cycles : 




Un systeme de transitions sans decomposition en cycles orthogonale. 

En 1975, Sabidussi (voir [Fll]) a emis la conjecture qu'une decomposition 
en cycles orthogonale existe dans le cas ou S correspond a un parcours eulerien 
(conjecture d'orthogonalite). Incidemment, ce sont les travaux qu'il a effectues 
sur cette conjecture qui ont inspire les resultats que l'on retrouve dans cette these 
concernant la question plus generate. Une condition suffisante dans le cas general 
(Fan et Zhang [FZ]) est que S soit admissible et que G ne contienne pas de 



10 



sous-graphe isomorphe a une subdivision de K 5 (une subdivision d'un graphe est 
obtenue en ajoutant des sommets qui «subdivisent» les aretes du graphe). 




En particulier, si G est planaire et S est admissible, on peut trouver une decom- 
position en cycles orthogonale a S. 

En ce qui concerne la conjecture d'orthogonalite, Sabidussi [Sa] nous dit qu'il 
suffit de la demontrer pour les graphes bipartis de degres 4 et 6 (ayant done un 
nombre pair de sommets de degre 6). La conjecture est vraie pour les graphes 
dont les degres sont divisibles par 4 (Fleischner [F12], ou voir Jackson [Jac2]) et 
pour les graphes ayant exactement un sommet de degre 6 et les autres de degre 
4 (Fleischner [F13]). 

Revenant au theoreme de caracterisation des graphes euleriens, on voit qu'il 
est futile de chercher une decomposition en cycles d'un graphe ayant des sommets 
de degre impair. Dans ce cas, si on veut recouvrir le graphe par des cycles, il faut 
permettre aux aretes d'apparaitre dans plus d'un cycle. C'est peut-etre cette 
reflexion qui est a l'origine de la conjecture de double recouvrement. 

DEFINITION 0.3.3. Un double recouvrement par des cycles (ou simplement 
un double recouvrement) d'un graphe G est une famille de cycles de G telle que 
chaque arete de G appartient a exactement deux de ces cycles. 

Conjecture 0.3.1 (Conjecture de double recouvrement). Tout graphe sans 
isthme possede un double recouvrement. 
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La paternite de cette conjecture n'est pas bien etablie. Elle est cependant tres 
importante etant donne son lien avec la theorie des flots a valeurs entieres et 
avec les plongements de graphes dans des surfaces (voir Jaeger [Jae] et Jackson 
[Jac2]). De plus, cette conjecture est intimement liee au probleme d'existence 
d'une decomposition en cycles orthogonale a un systeme de transitions. Comme 
nous le verrons dans le deuxieme article, tout contre-exemple a la conjecture de 
double recouvrement qui serait minimal par rapport au nombre d'aretes revelerait 
deux nouveaux graphes purs primitifs (a complementation pres) . Fleischner [F13] 
a egalement montre que la conjecture dite «de cycle dominant» et la conjecture 
d'orthogonalite impliquent, ensemble, la conjecture de double recouvrement. 

Abordons maintenant le lien entre les systemes de transitions et le jeu du 
depart. Etant donne un graphe simple quelconque, colorions en blanc les sommets 
de degre pair et en noir les sommets impairs. En jouant a un sommet blanc (pair) 
ou a une arete incidente avec des sommets noirs (impairs), les couleurs du graphe 
resultant restent en accord avec les parites des sommets, ce qu'on appelle un 
coloriage naturel. A cause de ce rapprochement entre couleur et parite pour une 
partie des graphes bicolories, on appele classe de parite de G la famille des graphes 
bicolories pouvant s'obtenir par le jeu a partir d'un graphe bicolorie G. 

Sabidussi [Sa] a montre que pour chaque graphe eulerien G de degres 4 et 
6 muni d'un parcours eulerien w, il correspond une unique classe de parite de 
graphes naturellement colories et que G possede une decomposition en cycles 
orthogonale a w si et seulement si la classe de parite correspondante contient un 
graphe ayant une anticlique noire. D'ou l'interet de caracteriser les graphes purs. 



0.4. Les graphes purs 

II est assez facile de verifier que le pentagone est pur 
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fit 

A isomorphisme pres, les graphes de la classe de parite du pentagone. 

Au moment de commencer mes travaux, les graphes de la classe de parite du 
pentagone etaient les seuls graphes purs connus non triviaux (un sommet isole 
est pur). Sabidussi a alors emis l'hypothese que, lorsque des pentagones sont 
identifies en un sommet, ils forment un graphe pur; comme exemple, voici le 
trefle : 




Commengant avec le graphe des pentagones siamois : 




j'ai pu verifier qu'il etait pur en faisant, a la main, la liste exhaustive des graphes 
non isomorphes de sa classe de parite (cette liste consiste en 60 graphes, voir 
l'annexe A). La taille de la classe de parite croit apparemment de fagon expo- 
nentielle au fur et a mesure qu'on augmente le nombre de pentagones : il y a 197 
graphes non isomorphes dans la classe du trefle, ce nombre grimpe a 571 pour 
quatre pentagones, et pour cinq pentagones, a 1459. De plus, ces classes sont re- 
lativement petites : a titre de comparaison, les classes des cycles d'ordre 9, 13, 17 
et 21 contiennent respectivement 23, 138, 1034 et 8957 graphes non isomorphes. 
Determiner ces classes a la main n'etant pas envisageable, il a fallu mecaniser le 
procede et ecrire un programme me permettant d'effectuer ce genre de verifica- 
tions a l'ordinateur (le listing de ce programme est fourni en annexe C). J'ai ainsi 
verifie que le trefle est pur, tout comme les deux graphes suivants : 
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En fait, meme en elargissant la classe de parite en permettant les complemen- 
tations locales aux sommets noirs (impairs), on ne trouve, pour ces exemples, 
aucune anticlique noire. Appelant de tels graphes fortement purs, on peut mon- 
trer que Identification en un sommet de deux graphes fortement purs donne un 
graphe fortement pur (toujours en prenant le coloriage naturel). 

II n'y a qu'un seul autre graphe eulerien dans la classe de parite des pentagones 
siamois, c'est 




qui est isomorphe a 




ce qui suggere de tester le graphe 
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Ce dernier est effectivement pur. II est interessant, car c'est le premier exemple 
que j'ai trouve d'un graphe pur qui ne soit pas fortement pur. En testant systema- 
tiquement tous les graphes connexes (naturellement colories) d'ordre < 9, je suis 
tombe sur d'autres graphes purs non fortement purs, entre autres les graphes : 

et Jr 1> 



Ces graphes ont en commun d'avoir une coupe complete (une partition V = 
V\ U V2 telle que |Vi|, |V 2 | > 2 et telle que pour tout u E Vi adjacent a un sommet 
de V 2 et pour tout v G V 2 adjacent a un sommet de Vi, [u,v] G E). C'est ce qui 
m'a mis sur la piste du theoreme de decomposition 3.14 du deuxieme article. Dans 
une premiere version, ce theoreme ne s'appliquait qu'aux graphes naturellement 
colories. Un peu plus tard est apparu le graphe pur 




qui, afin d'eviter de le considerer comme un graphe primitif, m'a force a elargir 
mon etude aux bicoloriages non naturels. 

Cette generalisation m'a revele l'existence d'une correspondance biunivoque 
entre les classes de parite de graphes de cordes arbitrairement bicolories et les 
systemes de transitions de graphes 4-reguliers connexes. Le deuxieme article se 
conclut sur les implications de ces resultats pour la conjecture de double recou- 
vrement et pose la question : comment generaliser les systemes de transitions de 
graphes 4-reguliers connexes afin d'obtenir une correspondance avec les classes de 
parite (de graphes arbitrairement bicolories) ? 




Chapitre 1 



WORD AND SET COMPLEMENTATION OF 
GRAPHS, INVERTIBLE GRAPHS. 

Frangois Genest 

1.1. Abstract 

Local complementation was first introduced as a way to establish relationships 
between Euler tours of an eulerian graph. It also appears in isotropic systems. 
We formalize the notion of substitution rules and introduce complementation 
with respect to sets of vertices in bicolored graphs, a concept intimately related 
to orthogonality (or compatibility) of transition systems in eulerian graphs and 
to the Cycle Double Cover Conjecture. Graph inversion is also introduced and 
we show that the inverse of a graph, when it exists, has the same automorphism 
group as the initial graph. 

1.2. Introduction 

Kotzig [7] [8] introduced local complementation when he realized that all Euler 
tours of a 4-regular graph could be transformed into one another by a sequence of 
re-routings at vertices. The Euler tours are in correspondence with the members 
of a complementation class where the re-routings become complementations at 
vertices. Sabidussi [10] came upon the notion of a parity class while working on his 
Orthogonality Conjecture (also known as Sabidussi's Compatibility Conjecture). 
Sabidussi's approach involves looking at the Euler tours of a 4-regular graph that 
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are, in a specified way, orthogonal to one particular tour. The resulting subset of 
Euler tours is what becomes a parity class when translated into the language of 
complementation. It is not within the scope of this paper to present the Orthogo- 
nality Conjecture or its more famous relative, the Cycle Double Cover Conjecture. 
The interested reader is referred to the surveys by Jackson [5] and Jaeger [6] ; see 
also the companion paper [4]. Our aim is to describe complementation and parity 
classes, using words and sets, respectively. A natural question will come up : when 
are the complementation subsets of a graph in bijection with the graphs in its pa- 
rity class ? First, we need to introduce the concepts of local and global subtitution 
rules. Fon-der-Flaass [2] gave a tight bound on the diameter of a complementation 
class. We give an alternative way to obtain this bound, using substitution rules. 

In this article all graphs considered will be simple with edges represented 
by unordered pairs of vertices inside brackets. We will be interested in families 
of graphs sharing the same vertex set V of some reference graph G = (V,E). 
Moreover, for A, B C V with A D B — 0, K A will stand for the graph with vertex 
set V and edge set {[u, v]\u, v G A,u ^ v} and Ka,b will have vertex set V and 
edge set {[u, v]\u G A,v G B}. If A = {u} is a singleton, we omit the parentheses 
and write K u ^b- The symmetric difference of two graphs with the same vertex set, 
say Gi = and G 2 = (V,E 2 ), will be dAG 2 = (V, E-iAE 2 ). 

We will also work with sets of words. Following the notation of semigroup 
theory, the set of words in an alphabet V is denoted by V*. The empty word is 
written e. The letters s,t will be used to represent words while u, v,... will be 
vertices. 

We use the standard notation Nh{u) for the neighbourhood of a vertex u in 
the graph H, and write Nh(u) for the closed neighbourhood of u. 
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1.3. Local complementation and substitution rules 

Definition 1.3.1. The (local) complement at a vertex u of a graph G = (V, E) 
is Gu = GAKn g (u)- In other words, the adjacency relation of Gu coincides with 
that of G except on Ng(u), where it is replaced by its complement. 

Letting W(G) = V(G)*, complementation is extended recursively to words in 
W(G) by putting Ge = G and Gsu = (Gs)u, where s G W(G) and u G V{G). 
The complementation class of G is GG = {Gs\s G W(G)}. 

Notation 1.3.2. 

(i) V(s) is the set of vertices appearing in the word s (the support of s) ; 

(ii) X(s) = \V(s)\; 

(iii) Given a word s beginning with the letter u, [s] is the word su (for example, 
[uv] = uvu). 

Different words may complement a graph G in the same way. Accordingly, we 
define an equivalence relation ~g on W(G) by s ~ G s' if and only if Gs = Gs' 
so that the resulting quotient set, denoted £l(G), is in bijection with GG. Note 
that s ~g s' =>- st ~g s't, for any t G W(G). We are interested in describing GG 
using words. When G is finite, so is GG. In that case, an obvious first goal would 
be to find a finite set of words complementing G to all of GG. To that end, we 
introduce the notion of a substitution rule. 

Substitution rules describe when a subword can be replaced by another, while 
ensuring that the resulting word is equivalent to the original word. For example, 
it is clear that complementing with respect to one vertex twice in a row will 
result in a graph identical to the original graph. Hence, given a graph G and a 
word s = s'uus" G W(G), we know that s ~g s's". To put it differently, we 
can replace the subword uu with the empty word. We want a substitution rule 
to express this possibility in general terms, without being tied to a particular 
graph and vertex. To achieve this, the "symbols" u and G appearing in the "rule" 
uu ~g e are understood to be a vertex variable and a graph variable, respectively. 
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Furthermore, for the rule to make any sense when considering actual values of u 
and G, we assume that the variables are tied by the relationship u e V(G). The 
following definition attempts to formalize substitution rules just enough for our 
needs, without resorting to a full description of graphs in terms of logic. 

Definition 1.3.3. Let s be a word on a set of vertex variables, let G be a 
graph variable with V(s) C V(G), and let P be a logical formula dependent on 
G (a property of G). The couple R : (P, s) is a substitution rule if 

P(G) s ~ G e. 

Such a rule will often be written R : P =>- s ~ G e. Unless otherwise specified, 
we asume rules to be non-trivial, i.e. at least one graph G satisfies P. 

Given a substitution rule R : P =>- s ~ G e, some fixed graph G and words 
s\ = s'ss" and s 2 = s's" such that P{Gs') is true, we deduce that s\ ~g s 2- 
To emphasize that R was used, we sometimes write s\ ~g «2- The following are 
straightforward rules : 



MM ~g e, (Rl) 
u ^ v and [w, i>] ^ P(G) -uf-uf ~g £• (R2) 

Proof. 

(GAi^jvg^jAKjvg^^) = GA(i^jv G ( M )Aif J v G ( ll )) = G 

(GAK Ng ^)AK Ngu ^ v ) = GAK Ng ( u -)AK Ng ( v ) = GAK Ng ( v )AK Ng ( u -) (1.3.1) 

= (GA% W )A%„ W (1.3.2) 

Thus given [u,v] ^ E(G), we have m;m> ~g vuuv ~g ~g e- D 

Equations 1.3.1 and 1.3.2 show that rule R2 is really about the commutativity 
of some local complementations. While we could define substitution rules to allow 
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the form [u,v] ^ E(G) =>- uv ~g vu, the definition we chose seems to be more 
manageable in the handling of proofs. 

Defining the inverse of a word s, written s -1 , as the word obtained from s 
by reversing the order of its letters, some direct consequences of Rl are that for 
any s,s',s",t G V(G)*, we have tt^ 1 ~ G e and s' ~ Gs s" •<=>- ss't ~ G ss"t. 
Unfortunately, s ~g s' and t ~g t' do not guarantee that st ~g s't'. This means 
that Q(G) cannot be endowed with a group structure using the concatenation 
operation. It does have an algebraic structure, that of an automaton. However 
this does not seem to be of any help regarding complementation. The following 
rule is known [1] [10] : 

[u,v] e E =>• [uv][vu] ~ G e (R3) 
This follows from the following lemma, by symmetry between u and v : 
Lemma 1.3.4. If[u,v] e E(G), then 

Guvu = GAK {u , v} y uUVv v uv , 
where V u = N(u) \ N(v), V v = N(v) \ N(u) and V uv = N(u) n N(v). 

Proof. Partition E(G) into E(G) = {[u,v] }\JE(K u y u AK u y uv AK v y v AK v y uv ) U 
E'. Since N(u) = {v} UV U U V uv we have 

E(Gu) = E{G)AE{K v y u AK v y uv AK Vu y uv AK Vu AK Vuv ) 
= {[u,v]} U E{K u y u AK u y uv AK v y u AK v y v ) U E' 

From this we see that N Gu (v) = {u} U V u U V v and 

E(Guv) = E(Gu)AE(K u y u AK u y v AK Vu y v AK Vu AK Vv ) 

= {[u,v]} U E(K u y v AK u y uv AK v y u AK v y v ) U E' 

AE{K Vu y v AK Vu y uv AK Vv AK Vuv ). 
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Finally, N Guv (u) = {v} UV V U V uv and 

E(Guvu) = E(Guv)AE(K v y v AK v y uv AK Vv y uv ) 

= {[u,v]} U E{K u y v AK u y uv AK v y u AK v y uv ) U E' 

AE(K V v AK V v AK V v ) 
= E(G)AE(K {uM y uUVv AK Vu y v AK Vu y uv AK Vv y uv ). 

□ 

Proposition 1.3.5. 

[u,v], [v,w], [u,w] ~g e - (R4) 

Proof. This follows from Figure 1.1 and Lemma 1.3.6. □ 

LEMMA 1.3.6. Let u,v,w be vertices inducing a triangle in G. Consider the 
graph G' = (V, E'), where V = {u, v, w} U v, w}) and 

E' = {[u,v], [v,w], [u,w]} U G {u,v,w},y E 9({u,v,w}), x E y} 

and define 

$ : V — >V 



x i — > 



x if x E {u, v, w} 

N(x) fl {u, v, w} if x ^ {u, v, w}. 



Then for any word s in the alphabet {[uv], [vw], [uw]} 

[x,y] E E(GAGs) [$(x),$(y)] E E{G'AG's) 

Proof. An easy induction on the length of a word t in the alphabet {u, v,w} 
shows that 

N Gt (x) n {u, v, w} = N G , t ($(x)) n {u, v, w} for all x E V. (1.3.3) 




G' [uv] [vw] G' [uv] [vw] [uw] 

Fig. 1.1. Successive complementations show that G' = G'[uv][vw][uw]. 



As a special case, this is also true for t in the alphabet {[uv], [vw], [uw]}. Now use 
induction on the length of s. The assertion is true for the empty word. Without 
loss of generality a non-empty s decomposes into s'[uv] with 

[x,y] e E(GAGs') e E(G' AG's'). (1.3.4) 
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From (1.3.3), 

N Gs ,(x) n {u,v} = iV GV ($(a;)) n 

and 

N G Ay) n {u,u} = w GV ($(y)) n 

so, using Lemma 1.3.4, we deduce that 

[x,y] G E(Gs'AGs) [$(x),$(y)] G E(G's'AG's). (1.3.5) 

The result follows from (1.3.4) and (1.3.5). □ 

Definition 1.3.7. Given a word s G W(G) and a set of substitution rules ft, 
ft G (<s) is the set of words which can be deduced to be equivalent to s using the 
rules in ft, i.e., s' G ft G (s) -<=>- P n G ft and s ,...,s n G W(G f ), n > 0, 

such that So = s, s n = s', and Sj ^ = 0, ...,n — 1. 

Once local substitution rules will have been introduced in Section 1.5, we will 
see that R1,...,R4 determine all local rules. Accordingly, we write Locg(s) instead 
of{Rl,R2,R3,R4} G (s). 

Definition 1.3.8. Let 31 be a set of substitution rules. The set of substitution 
rules generated by 3?, written (3?) , is the set of rules (P, s) such that for every 
graph G satisfying P, we have s G %3(e). ft is independent if no subset of ft 
generates (ft). 

Definition 1.3.9. A word s e W(G) is bracket-writable if s = s 1 s 2 --.s n , 
where each Sj contains at most one repeated letter, in which case it is of the 
form Si = utu = [ut], and no letter appears in different Sj's. Such a word is said 
to be reduced if each Sj either consists of a single vertex or can be expressed as 
Si = [uaUi2], where [ua,u i2 \ G E(Gs 1 s 2 ...s i - 1 ). 

THEOREM 1.3.10. For any s G W(G) and u G V there exists a reduced s' G 
Locg(s) such that V(s') C V(s), and u appears in position 1 or 2 of s' , if at all. 
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Proof. By way of contradiction, suppose that G and s constitute a counter- 
example with A(s) minimal. Clearly s is non-empty. Choose u G V(s), with the 
restriction that u = u if w G V(s). Writing p(v,t) for the position of the last 
occurence of t> in t, we can suppose without loss of generality that p(«o, s) < 
p(uo,s') for all s' G Loc G (s) such that V(s') C V(s). Suppose that p(u ,s) > 2. 
Consider the subwords of s of length 2 and 3 ending with the last occurrence of 
«o- It is easy to verify that at least one of the following sequences of substitutions 
can be performed (in each case, E is meant to be the edge set just prior to 
complementation with respect to the subword considered) : 



case 1 uqUq ~ e, 

case 2 uuq ~ {uqUUqu)uuq ~ Uoii, if [u, ^ E, 

case 3 u uu = [u u] ~ [ww ] [u u] [«o M ] ~ [w«o] = uu u, if [u, u ] G -E 1 , 

. ill 

case 4 mmo ~ wo, 

case 5 vuu m ~ 2 -ufu C ~ e2 uu v, if [w, t>], [t>, uq] ^ -E? [ M ? M o] G -E 1 , 

case 6 fu-u ~ [ MM o] b M o] [fM]fM-u ~ uu uv, if [u, u ], [u, v], [v,u ] G i?, 

case 7 w-u-u ~ uuvuu m ~ 6 uu uv, if [w, tx ], [u, f] G -E 1 , [i>, Wo] ^ E?, 

case 8 f-u-uo ~ u u q vuuq ca ~ 6 u uvu, if [w, uq], [f, «o] G E, [u, v] ^ 



Since this would contradict the minimality of p(uo, s), we must have p(uq, s) 
< 2. By the minimality of A(s), s cannot have the prefix u u ( if s — UqUqs" then 
s ~g s " with \{s") < A(s)). If s = -Uo s " with u ^ V(s") then by the minimality 
of A(s) we know that s" can be replaced by a reduced word not containing u , 
resulting in a reduced word equivalent to s, a contradiction. If s = vuqs" with 
[v,uo] E{G) then permuting v and uq yields the previous case. Thus s is of 
the form s = vu s" with [v,u ] G E{G) and uq ^ V(s"). Now consider the graph 
G' = Gvuq. We can find a reduced word t G Locg>(s") with V(£) C V(s") and t> 
absent from t or in position 1 or 2. However, i> cannot be absent from t or else 
s ~g mu £, a reduced word. If t = ttf' then s ~g b M o]^', a reduced word. The only 
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remaining possibility is t — wvt' with [v,w] G E(G') (as before, [v,w] £ E{G') 
reduces to an earlier case). Knowing that [v,u ] G E{G) and [v,w] G E(Gvuo), 
we must have [iu,Wo] G E(G). Using substitutions as in cases 6 or 7, according to 
whether [v,w] G E{G) or not, we have s ~g vu wvt' ~ G wu wvvt' ~ G [ura ]i'. In 
order to avoid [wu ]t' being reduced, we must have w G V(t'). But t is reduced, 
so t = wvwt" and thus s ~g [iuwo]^" ~g wuot" , which is reduced. Therefore, no 
counter-example exists. 

□ 

Thus to obtain all of QG, we need only look at the reduced words of G, which 
are finite in number if G is finite. The proof of the following involves 
analysis as in Theorem 1.3.10, and is left to the reader : 

Lemma 1.3.11. Let s = [uv][wx] G W(G) be reduced (i.e. [u,v] G E(G) and 
[w,x] G E(G[uv])), then at least one of [wx][uv], [wu][vx] or [wv][ux] is a reduced 
word in Locg(s) (according to whether [w,x], [w, u] or [w,v] G E{G), respectively). 

1.4. The diameter of a complementation graph 

The structure of QG can be studied in the complementation graph of G. This 
graph, say H, is defined by 



V(H) = QG, 



[G u G 2 ] G E{H) G 2 = G ± u for some u G V{G) 

One may ask what is the diameter of if. Fon-der-Flaass [2] found a tight bound 
of max{| V((j)| + 1, 10|l / (G)|/9} for this diameter when G is connected. This yields 
an upper bound of 7\V{G)\/§ in general, which is attained, for example, when all 
the components of G are of the form : 
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In this section, we give an alternative proof of Fon-der-Flaass's bound using 
substitution rules. 

LEMMA 1.4.1. Let s = [unUu] [U21U22] ■ ■■[u r iu r2 \ be a non-empty reduced word 
in W(G) such that V(s) induces a connected subgraph of G. For any Uq G V(s), 
there exists s' G Locg{s) such that l(s') (= the length of s' ) is A(s) + 1, and the 
letter u occurs both in the first and last position. 

Proof. Choose a bracket- writable s' = u uiU2---u r uo[viiVi2\-.-[v m iv m 2] G Locg(s) 
with V(s') = V(s) and r maximal (this exists by Lemma 1.3.11). Again by 
Lemma 1.3.11 and R3, since G\v( s ') is connected, we can suppose that vu is 
adjacent to one of uo,...,u r . Substituting repeatedly UilvnVu] with [v 11^12]^ 
(and thus moving Vu towards the beginning of the word) as long as [iij,i>n], 
[v>i, V12] $l E(Gu Ui...Ui-i), we eventually get to make one of the substitutions 

Ui[viiv 12 ] ~ VnVuUi or ^[^11^12] ~ ^12^11^ 

depending on whether or not [ui, Vu] G E{Guq...Ui-i). This contradicts the maxi- 
mality of r. Thus s' is of the form uqU\...u t Uq with uq, ...,u r distinct and l(s') = 
A(s) + 1. □ 

LEMMA 1.4.2. For any s G W(G), there exists s' = u 1 U2--.u r [v nv i2]---[vmiV m 2] 
G Locg(s), a reduced word such that V(s') C V(s) and with no edge in G between 
{ui, ...,u r } and {vu,vi2, -,v ml ,v m2 }. 

Proof. By Theorem 1.3.10, we can choose a reduced s' G Locg(s) such that 
V(s') C V(s). Also, we can impose the condition that the position of the first 
occurrence of a double occurrence letter is maximal, i.e. s' is bracket-writable as 
Uiu 2 ---u r [v iii>i2]s2---Smj where u±, u r are distinct, each s« stands for Vi or [fu^], 
and r is maximal. Suppose Sj+i =06 V{G) f° r some i. Without loss of generality 
% is minimal, but then one of the following substitutions can be performed : 
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[vnv i2 \v ~ v[vnv i2 ], [vav i2 ]v ~ vv n v i2 , or [v a v i2 ]v ~ vv i2 v a . 

This contradicts the minimality of i (or the maximality of r, if i = 1). Thus s' = 
Ui...u r [vuV 12 \...[v m iV m2 \. Suppose that s' does not satisfy the desired conditions. 
Then some Ui and some Vjk must be adjacent in Gui...u r . By Lemma 1.3.11 
and R3, we can suppose that Vjk = fn- Just as in the proof of Lemma 1.4.1, 
transform s', in successive steps, by replacing Uj[v uVi 2 ] with [vnVn}uj as long as 
there is a subword of the form Uj[vnVi2], where [uj, [-Uj,fi 2 ] ^ E{Gu\...ui-i). 
Eventually, this produces a subword of the form Uj[v nVu] which can be replaced 
by VuVuUj or V\ 2 V\\Uj. The existence of the resulting reduced word contradicts 
the maximality of r. □ 

Theorem 1.4.3. If H is the complementation graph of a connected graph G 
of finite order ^ 6, and d is the diameter of H , then d < 10|K(G)|/9. 

Proof. Without loss of generality, we can choose G and s £ W(G) so that Gs 
is at distance d from G, s is reduced and A(s) is minimal. Because of R2, we 
can suppose that the components of the subgraph G' of G induced by V(s) have 
the vertex sets V(si), V(sk), respectively, where s = sis 2 ...Sk- Note that any 
permutation of the Sj's would yield an equivalent word. By Lemma 1.4.2, we can 
also suppose that each Sj either consists of non-repeating letters or satisfies the 
conditions of Lemma 1.4.1 (in which case A(sj) is even). In the following, N(t) 
stands for Na(V(t)). We now describe an algorithm to modify s in steps that 
preserve equivalence and result in a word s' satisfying l(s') < 10\V(G)\/9 : 

Step 1 : Set I = {1, k} and S = V(G) \ V(s). 

Step 2 : For each i £ I such that l(si) = A(sj), modify / by removing i. 
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Step 3 : While there exists an % G / and u G N(sj) C\ S\ \J N(sj), replace Sj 
with an equivalent word given by Lemma 1.4.1 and remove i from I and u from S. 

At this point, for i & I and w G iV(sj) fl S 1 , there is necessarily a j G / \ {2} 
such that u G N(sj). Note that V(sj) U {«} induces a connected subgraph of Gu, 
and by an argument along the lines of the proof of Lemma 1.4.2 there exists a 
word, which we will denote by s' i7 such that V(s-) = V(si), Z(s-) = A(s9 and 
uusi ~g us'jit. Given u G iV(sj) fl S with i E I, let = {j G 7|w G A^(sj)}. 

Step 4 : If there exists some u G iV(sj) fl S* with i 6 / such that Yl ^( s j) — 8, 
bring the corresponding s^'s to the beginning of s using R2, and relabel so that 
l u = {1, ...,/}; then make the substitution indicated by 

SiS 2 ...Si ~g Us' 1 UUS , 2 U...Us' l U ~g Us' l s' 2 ...s' l U, 

remove the indices in I u from /, u from S and go back to step 3. 

Given i G / such that A(sj) = 2 (i.e. s« = mm for some [u, v] G E(G)), we 
must have that iV(sj) fl S contains at least two vertices. This follows from the 
minimality of A(s) and by the substitution rules : 

degree(w) < 1 =^ u ~g e > (R5) 
N{u) = N(v) uv ~ G e. (R6) 

Step 5 : If there are i, j G / , i ^ j, and distinct vertices u and v such that 

N( Si )nN( Sj )nS\ \J N( Sl ) = {u,v}, 

lei 

replace Sj and Sj with equivalent words as given by Lemma 1.4.1, remove % and j 
from /, u and v from S 1 , and go back to step 3. 




Fig. 1.2. 



Step 6 : If there exists i <E I with A(sj) = 4, let w G iV(sj) fl 5. Because of 
step 4, |J„| = 2 and, using R2 and relabeling, we can suppose that I u = {1,2} 
with A(si) = 4 and A(s 2 ) = 2. Because of step 5, we can assume that there is 
v G N(s 2 ) C\S with v ^ u and v ^ N(si). Let = {2, 3, /}. We replace SiS 2 ---Si 
with an equivalent word Sivs^.-.s^v in the same manner as noted earlier, remove 
1, / from I, u and v from S, and go back to step 3. 
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At this point, for each % G /, we have A(sj) = 2 and, for each w G iV(sj), 
|J„| = 2 or 3. If for each i 6 1 and each it G iV(sj) fl 5 we have \I U \ = 2, we can 
stop, since then \S\ > 

Step 7 : If for some i E I and u G iV(sj) fl S we have |J U | = 2, we can suppose 
(with the appropriate use of R2 and relabeling) that I u = {1, 2} and /„ = {2, 3, 4}, 
for some v. Now replace S1S2S3S4 with Sifs^SgS^w, remove 1,2,3,4 from I, -u and 
v from 5 1 , and go back to step 3. 

Step 8 : If there is a vertex u G S and i G for which some t> G A^(s i )nS'\{M} 
has = /„, with say = {1, 2, 3} after an appropriate use of R2 and relabeling, 
replace S1S2S3 with us[s' 2 s' 3 u, remove 1,2,3 from /, u and v from S and go back 
to step 3. 

Step 9 : If there is a vertex u G S and i G for which some v G A r (s i )nS'\{M} 
has |/„ fl I u \ = 2, say, without loss of generality, = {1, 2, 3} and I v = {2, 3, 4}, 
replace S1S2S3S4 with us'^s^us^, remove 1, 2, 3, 4 from J, u and v from S, and go 
back to step 3. 

Now we can suppose that for some u, v G S, we have I u = {1,2,3}, I v = 
{1,4,5} and, because of steps 8 and 9, there are distinct vertices w,x such that 
w G N(s 2 ) f](S\ {u}) and x G N(s 3 ) n (S \ {u}). 

Step 10 : If I w C {1,2,3,4,5} and J x C {1,2,3,4,5}, replace S1S2S3S4S5 with 
S2S3V<s' 1 S4S5W, remove 1, 2, 3, 4, 5 from J, w, f , u? and x from S 1 , and go back to step 
3. 

We can now suppose that 6 G I m . 
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Step 11 : If I W ,I X C {1,2,3,4,5,6}, replace siS2 s 3S4Ss s 6 with vs' 1 s' 4 s' 5 vs2S 3 s 6 , 
remove 1 through 6 from /, u,v,w and x from S, and go back to step 3. 

From this point on, we are considering subwords with at least eighteen distinct 
vertices, so that the length of a replacement word can exceed by two the number 
of distinct letters and still avoid any possible violation of A(s') < 10|l / (G ? )|/9. 

Step 12 : It should be clear by now how to modify our word s in each of the 
situations depicted in Figure 1.2. In each case, modify / and S appropriately and 
go back to step 3. 

□ 

Proposition 1.4.4. Let H be a pair of pentagons sharing a vertex. Let G 
consist of m copies of H together with a path going through all the cut-vertices, 
as shown in Figure 1.3. Then the diameter of the complementation graph of G is 
10|y(G)|/9. 




«0 "I U8 u 9 «8m-8 «8m-7 



Fig. 1.3. A connected graph G whose complementation graph has 
diameter 10|V(G)|/9 (also found in [2]). 

Proof. Let s = [w wi][w2«3][^4^5]K«7]--[^8m-4«8m-3][^8m-2«8m-i]- Let s' be a 
shortest word in W(G) such that s' ~g s - Choose a pentagon of G : for example, 
the pentagon containing uq. Identify all the vertices not on the pentagon with a 
new vertex w. Remove all loops, and identify all multiple edges. We obtain the 
graph G' : 
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w 




A word in W(G) induces a word in W(G') in a unique way : send e to e, and 
given tx G W(G) such that t is sent to t f , send tx to 

(i) t'x if a; is on the pentagon ; 

(ii) t'w if x is not on the pentagon and x G N Gt ({u ,Ui,U2,u 3 ,Vi}) ; 

(iii) i' if x is not on the pentagon and x ^ Na t ({uo,ui,U2,u 3 ,vi}). 

In this way, s' is sent to a word t G W(Gr') such that G't is : 



It can be verified that for any reduced i! G W(G') such that t' ~g' ^ we have 
V(t') = {u ,Ui,u 2 ,u 3 } or V(t') = {uo,Ui,u 2 ,u 3 ,w}. This implies that neither 
t nor s' contain exactly one occurrence of v 1 . If v\ V(s'), then m ,Mi,M2,w 3 
contribute 5 to the length of s' (i.e., t is one of the words uoU\u 3 U2Uq, uiUqU2U 3 ui, 
U2U0U1U3U2, or U3U1U0U2U3). If appears at least twice in s', then the vertices 
of the two pentagons joined at v\ contribute at least 10 to the length of s' . 
Therefore, l(s') > 10m, so the diameter of the complementation graph is precisely 



w 



I: 




10m = 10|y(G)|/9. 



□ 
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1.5. Local and global substitution rules 

Going back to the rules R5 and R6 presented in the proof of Theorem 1.4.3, 
note that each logical formula takes into account adjacencies involving every ver- 
tex of the graph, not just the adjacencies within V(s). 

Definition 1.5.1. A substitution rule P =>- s ~g e is local if for any two 
graphs G and H such that G is an induced subgraph of H, 



A non-local rule is global. 

Thus Rl to R4 are local rules and R5 and R6 are global rules. From the 
definition follows that : 

Proposition 1.5.2. Local rules generate local rules. 

Proposition 1.5.3. A substitution rule P =>• s ~ G e, where s is a non-empty 
reduced word, is global. 

Proof. Let G = (V,E) be a graph satisfying P. Let u, v ^ V. If s ends with a 
single occurrence letter w, let E' = E U {[u,w], [v, w}}. If not, we have s = s'wxw 
with w,x V(s'), in which case let E' — E U {[u, w], [v,x]}. By construction, G 
is an induced subgraph of H — (V U {u, v},E') but [u,v] H while [u,v] G Hs. 



P{G) s ~ H e . 



Thus Hs + H. 



□ 



Proposition 1.5.4. The rules 



UU ~g 



(Rl) 



u 7^ v and [u, v] E{G) uvuv ~g e, 



(R2) 



[u,v] E E [uv}[vu] ~g e, 



(R3) 



[u,v], [v,w], [u,w] [uv] [vw] [uw] ~g e ! 



(R4) 



form an independent generating set of the local rules. 
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Proof. We first show independence. Consider G = ({u, v}, {[u,v]}). Since QG = 
{G}, {Rl,R2,R4}c(e) = {Rl}c(e) and any word in {Rl}c(e) will contain an even 
number of occurrences of the letter u. Thus any independent generating subset 
of the four rules must contain R3. 

Now let G = ({u, v , w}, {[u, v ], [u, w], [v , w]}). Any word in {Rl,R2,R3}c(e) 
has an even number of letters, so that R4 is also essential. If we let G = ({«}, 0), 
then {R2,R3,R4} G (e) = {e}, thus Rl is essential. Finally, let G = ({u,u},0). 
Defining the total order u < v on V(G), let the sign of a word s = u\U2--.u n 
in W(G) be a(s) = (— l) a where a = card{(i, j)\ui < Uj, 1 < % < j < n}. By 
induction on the length of words, we can show that for any s G {Rl,R3,R4}c(e) = 
{Rl}c(e), we have a(s) = 1. Since a(uvuv) = —1, this completes the proof of 
independence. 

We know from Proposition 1.5.2 that ({R1,R2,R3,R4}) is a set of local rules. 
Let P =3- s ~g e be a local rule. Consider V = V(s) and {Gi}i & i the family 
of graphs on the vertex set V satisfying P. By Theorem 1.3.10, for any rule 
ftj : G\v = Gi =>• s ~ G e there exists a rule % t : G\y = Gi =>- s' ~g e m 
({^j,Rl,R2,R3,R4}) where s' is reduced. Since 9^ is local, Proposition 1.5.3 forces 
s' = e. Thus ^ G ({R1,R2,R3,R4}), and since every substitution in the proof of 
Theorem 1.3.10 is reversible, we have % G ({R1,R2,R3,R4}). Since P =3- s ~ G e 
is generated by the 3Vs, we conclude that it is in ({R1,R2,R3,R4}). □ 

PROPOSITION 1.5.5. If s,s' are reduced words such that s' G Locg(s), then 
V(s) = V(s'). 



Proof. Suppose, by way of contradiction, that there is a u G V(s) \ V(s'). Then 
s ' s 1 ~g e an d a reduced word t G Loess's' 1 ) given by Theorem 1.3.10 will 
contain u. But this would mean that local rules generate a global rule of the form 
P t ~g e , contradicting Proposition 1.5.2. □ 
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Looking for a new independent (global) rule P =>- s ~ G e, we can suppose, 
by Lemma 1.4.2, that s = si...Sk is reduced, where each V(sj) induces a com- 
ponent of G|y( s ), and each is of the form U\...u m (non-repeating letters) or 
[uiiUi2]...[u m iu m 2\ (reduced). Given a component induced by s, say G' = G\v( Si ), 
we have Sj ~c e - Therefore, we ask : 

Problem 1.5.1. For which connected graphs G = (V,E) of minimal degree 
> 1 without twins (vertices u, v such that N(u) = N(v) or N(u) = N(v)), 
together with a reduced word s such that V(s) = V, do we have s ~g e? 

We will see in section 6 that there is a family of graphs satisfying the conditions 
of Problem 1.5.1. 

1.6. Complementation sets 

Notice that if u is of odd degree, then the degree of any vertex of G has the 
same parity in G and Gu. If u is of even degree, then the parity of the degrees 
in G and Gu differs precisely over the neighbours of u. Hence, if we colour the 
vertices of even degree white and the others black, and if we change the colours 
of the neighbours of u whenever we complement at a white vertex u, then the 
colours agree with the parity of the degrees for each graph in QG. This will be 
called the natural colouring of G. In the following, a bicolouring will always mean 
a {black, white}-colouring. 

Definition 1.6.1. The (local) complement of a bicoloured graph G with res- 
pect to a vertex u is a bicoloured graph Gu such that 

V(Gu) = V{G), 

E{Gu) = E(G)AE(K Na{u) ), 

with its bicolouring defined to be the same as that of G if u is black in G ; if u is 
white in G, then it is obtained from the bicolouring of G by reversing the colours 
of the vertices in N G (u). 
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Complementation with respect to words in the alphabet V(G) is extended in 
the natural manner. 

For the purposes of the next definition, call a set of words W C V(G)* parity 
closed if 

(i) W contains the empty word ; 

(ii) if s G W and u is a white vertex of Gs, then su G W ; 

(iii) if s G W and u,v are adjacent black vertices of Gs, then s[uv], s[vu] G W. 

Clearly the intersection of parity closed sets is parity closed, hence there is 
a smallest parity closed set, denoted by W°(G). The words in W°(G) will be 
referred to as parity words. 

Definition 1.6.2. The parity class of a bicoloured graph G is 

[G] = {Gs\s G W°(G)}. 

Following the idea of section 1.3, two parity words s and s' will be equivalent 
(s ~g s') if Gs = Gs'. By verifying it for Rl to R4, we can show that local 
substitution rules are valid for bicoloured graphs (i.e. if G is a bicoloured graph 
with underlying (uncoloured) graph H and s' G Loch(s), then Gs = Gs'). 

Theorem 1.6.3. Two reduced parity words s and t with V(s) = V(t) are 
equivalent. 

Proof. Use induction on A(s). If s = us' with u V(s'), then u is white in 
G, and applying Theorem 1.3.10 to t, t ~ G ut' . If s is of the form [uv]s' then u 
is black in G, and applying Theorem 1.3.10 to t, t ~ G [uw]t'. If w ^ v, apply 
Theorem 1.3.10 again to get t ~g [iMu][i>a;]i" and finally, from Lemma 1.3.11, 
t ~g Mk^"- By changing the reference graph to Gu or G[uv] accordingly, the 
problem reduces to words for which A is smaller. □ 
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Given a bicoloured graph G, we are now justified to speak about complemen- 
tation with respect to subsets of V. 

Definition 1.6.4. A set S C V(G) is a complementation set of a bicoloured 
graph G if there exists a reduced word s G W°(G) such that V(s) = S. In that 
case, the complement of G with respect to S is GS := Gs. 



1.7. Complementation and symmetry 

Definition 1.7.1. A (bicoloured) graph G is invertible if is one of its 
complementation sets. When no bicolouring is specified, G is assumed to have its 
natural bicolouring. The inverse of an invertible graph G, written G~ l , is GS, 
where S = V(G). 

Theorem 1.7.2. Let $ G Aut(G) (the set of all automorphisms of the bico- 
lored graph G). If $ stabilizes S C V(G) (i.e. $(S) = S), then $ G Aut(GS). 



PROOF. By definition, <3> preserves colour and [u,v] G E(G) $f ] G 

E(G). By symmetry, u changes colour from G to GS if and only if <3>(m) changes 
colour from G to G$(S) = GS. Also, we have that [u,v] G E(GAGS) 
[®u,<5>v] G E(GAG$(S)) = E(GAGS). Thus $ preserves colour over GS and 
[u,u] G E(GS) ^ [<S>u,$v] G £?(GS'). □ 

Corollary 1.7.3. Aut(G~ r ) = Aut(G). 

Here is a point to watch out for : the two groups Aut(G) and Aut{G~ v ) are 
in fact identical, not just isomorphic. 

COROLLARY 1.7.4. The inverse of an invertible vertex-transitive (bicoloured) 
graph is vertex-transitive. 

We present an explicit formula for the inverse of a cycle : 
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Proposition 1.7.5. A cycle C n = Cay(Z n , {1, -1}) of length n > 3 is inver- 
tible if and only if n ^ 0(mod 3). Furthermore, for m > 1, 

C-Tm+i = Cay(Z 3ro+ i, {1, 3, 4, 6, 3i - 2, 3i, 3m - 2, 3m}), 

C3m+2 = Cay(Z 3m+2 , {2, 3, 3i - 1, 3i, 3m - 1, 3m}). 

Proof. C 3 is not invertible, while Cj 1 = C 4 = Cay(Z 4 , {1, 3}) and C^ 1 = 
Cay(Z 5 , {2, 3}). By Corollary 1.7.3, the inverse of an invertible circulant (a Cayley 
graph on Z n ) is also a circulant. For n > 6, removing vertices —1,-2 and —3 from 
C n {— 1, —2, —3} yields C n _3 (see Figure 1.4). Thus, C n is invertible if and only if 
C„_3 is, and given C~i 3 = Cay(Z n _ 3 , 5), we must have C" 1 = Cay(Z n , S') with 
5 C S'. The result follows by induction. □ 




Fig. 1.4. The complementation of C n with respect to { — 1, —2, —3}. 

The remainder of this section is concerned with self-complementary symmetric 
(i.e. vertex- and edge-transitive) graphs. They were characterized in [11] and 
classified in [9]. 

From Theorem 1.7.2, we obtain that : 

COROLLARY 1.7.6. An invertible self- complementary symmetric graph has ei- 
ther itself or its complement as an inverse. 

Definition 1.7.7. Let q = p r for some odd prime p, with q = l(mod 4). Let 
T be the additive group of the finite field F q with q elements. Let ui be a primitive 
root in F q and S = {u 2 , u 4 , a; 9-1 }, the set of non-zero squares. The Paley graph 
of order q is Cay(r, S). 
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Definition 1.7.8. Let q = p r for some prime p = 3(mod 4) and some even 
r. Let T and ui be as in the previous definition. Let S = {u k \k = 0, l(mod 4)}. 
The T -graph of order q is Cay(r, S). 

Peisert [9] showed that, up to isomorphism, the self-complementary symmetric 
graphs are the Paley and J ) *-graphs and one additional graph G(23 2 ) on 23 2 
vertices. Peisert gives a construction of G(23 2 ) which allows us to interpret it as 
a Cayley graph Cay(r, S) with T being the additive group of F232 and such that 
Z* 3 c S. 

The following definition and theorem are taken from [3]. 

Definition 1.7.9. A graph is strongly regular modulo s with parameters 
(v,k,X,ii) if, modulo s, the number of vertices is congruent to v; the degree 
of each vertex, to k ; the number of common neighbours of any two adjacent 
vertices, to A ; and the number of common neighbours of any two non-adjacent 
vertices, to p. 

Theorem 1.7.10 (Fon-der-Flaass [3] Theorem 3.6). G e GG if and only if G 
is strongly regular modulo 2 with parameters (1, 0, 0, 1). 

PROPOSITION 1.7.11. Let G = Caj(T,S) of order n be a Paley graph, a 7*- 
graph or the special graph G(23 2 ). G £ GG if and only if'2^S. 



PROOF. The case n — 1 is trivial, so let n > 1. Since a self-complementary sym- 
metric graph has order n = l(mod 4) and is regular of degree (n — l)/2, using a 
simple counting argument and Theorem 1.7.10, the following are equivalent : 



(1) G G QG ; 

(2) the number of common neighbours of two adjacent vertices is even ; 

(3) the number of common neighbours of two non-adjacent vertices is odd. 
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We have 1,-1 G 5. Therefore G admits the automorphism $ defined by 
$(«) = —u. The vertices —1 and 1 are adjacent to and, because of $, have an 
odd number of common neighbours. Since 1 and —1 are adjacent if and only if 
2 = 1- (-1) G S, the result follows. □ 

THEOREM 1.7.12. Given a self- complementary symmetric graph G of order 
n = p r , G G CG if and only if n = 1 or n = 5 (mod 8). 

Proof. The idea is to check whether 2 G 5 and apply Proposition 1.7.11. By 
construction, the statement is true for G(23 2 ). The remaining cases are nice exer- 
cices in number theory : 

If p = 1 (mod 8) (and therefore G is Paley graph) , we know that 2 is a quadratic 
residue modulo p r and so 2 G S. 

If p = 3 (mod 4), we must have r even and thus n— l=p r — 1 = 0(mod 8). 
Since (p — 1, 8) = 2 (where (a, b) is the gcd of a and 6), 



n-l = (p-l)(p r ^p 7- 2 + ... +p + 1) = 4(p- l)c 

and 

2^ = (2f~ 1 ) c = l(mod p). 
On the other hand, if s = uo 1 for a primitive root on in F p r, we have 

2— = (a;—)*. 

Therefore i ee 0(mod 4) and 2 £ S. 

We leave the cases p = 5 (mod 8), r even, and p = 5 (mod 8), r odd, to the 
reader. □ 

As a consequence of Theorem 1.7.12, we would have G^ 1 = G for any invertible 
self-complementary graph G of order n = l(mod 8). 

The following conjectures are suggested by computer testing : 
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Conjecture 1.7.13. A self- complementary symmetric graph of order n is 
invertible if and only if n = 1 or n = 5 (mod 8), in which case G^ 1 = G. 

CONJECTURE 1.7.14. Let G be the Paley graph of prime order p (i.e., G = 
Cay(Z p , S), where S is the set of quadratic residues modp). Let a,b G Z* of orders 
4 and k, respectively, with a — 1 being a quadratic residue. Let S\ = a(b) U (b) and 
S 2 = —a(b) U (b). Then at most one of Si or S 2 is a complementation set of G. 
Furthermore, if p = 5 (mod 16), it cannot be S\ and if p = 13 (mod 16), it cannot 
be S 2 . 

CONJECTURE 1.7.15. Let G be the Paley graph on p = Aq + 1 vertices with 
p,q prime. Then (— 2) 9 (2 4 ) U (2 4 ) is a complementation set ofG. 

Conjecture 1.7.14 cannot be strengthened by saying that exactly one of Si 
or 5*2 is a complementation set. The first instances of graphs where neither are 
complementation sets occur, when p = 5(mod 16), at p = 37, 421, 661, 1381, 
1621, 2789, 2917, 3061, and when p = 13(mod 16), at p = 2381, 3181, 5437, 5821. 

PROPOSITION 1.7.16. Let G = Cay(T, S) be the Paley graph on p r = 5(mod 
8) vertices. Let a G F* r be of order 4. Then {0} U (a) is a complementation set of 
G. 

Proof. Since a S, we find that {0}U (a) induces a white pentagon in G, which 
is invertible. □ 

In Figure 1.5, we can see that S = {0, 1, —1, 8, —8}, as well as 3S and — 45' 
all induce pentagons. It can be verified that G is invertible by finding a reduced 
word s satisfying Gs = G and A(s) = 13. Can we find a method for constructing 
s other than the greedy algorithm (i.e. successively complement at any vertex 
you are still allowed to) that can be generalized to other self-complementary 
symmetric graphs ? This seems to be a hard problem. 

We can construct many graphs satisfying the conditions of Problem 1.5.1. 
Given a self-complementary symmetric graph H such that H -1 = H = Ht, with 




t reduced, form G by adding a new vertex u to H, and joining u to all vertices 
of H . Choosing s = tu we have Gs = G (by Corollary 1.7.3, Nmiu) = Nh(u)). 
Since there are an infinite number of primes congruent to 5 (mod 8) and assuming 
Conjecture 1.7.13 holds, this family of graphs would be infinite. It can be verified 
that if this same G is provided with its natural bicolouring, then G^ 1 = Gut _1 u ^ 
G. 

CONJECTURE 1.7.17. Given a bicoloured graph G without isolated vertices or 
twins, [G] is in bijection with the complementation sets ofG. 
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TRANSITION SYSTEMS, ORTHOGONALITY 
AND LOCAL COMPLEMENTATION. 

Frangois Genest 

2.1. Abstract 

Intimately related to the Cycle Double Cover Conjecture is the problem of finding 
a cycle decomposition orthogonal to a given transition system in an eulerian 
graph. One approach consists in finding a black anticlique in the corresponding 
parity class of bicoloured graphs. 

2.2. Introduction 

This article discusses problems that seem foreign to each other yet prove to be 
inextricably linked. 

Much effort has been spent on the Cycle Double Cover Conjecture ; understan- 
dably so, given its many implications (see the surveys by Jackson [10] and Jaeger 

[11])- 

Typical questions about transition systems of eulerian graphs involve finding tran- 
sition systems that are orthogonal to one another. Fleischner [5] [6] showed how the 
Dominating Circuit Conjecture and Sabidussi's Orthogonality Conjecture imply 
the Cycle Double Cover Conjecture. 

Kotzig [13] demonstrated how ^-transformations of Euler tours in 4-regular connec- 
ted graphs are essentially the same as local complementations. In a similar way, 
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Sabidussi [14] made the connection between eulerian graphs with one specified 
Euler tour and parity classes of simple graphs. 

We will go from transition systems to parity classes and back again, showing 
how the different problems are meshed together. The notion of pure graphs is 
explored ; it is proposed that a characterization of primitive pure graphs would 
help to settle the Cycle Double Cover Conjecture. 

2.3. Preliminaries 

The terminology in this article mostly follows Fleischner [6] and Jackson [10]. A 
cycle is a non-empty 2-regular connected graph or subgraph. A tour of a graph is 
a sequence a = UQe\U\tiUi..-u n -\e n where is an edge incident with the vertices 
Ui-i and Ui (where subscripts are read modulo n) and where the edges are distinct. 
Tours are deemed equivalent if one can be transformed into another by successive 
reversals and cyclic permutations of the sequence. We work on the one hand with 
eulerian graphs, which may have multiple edges and loops ; such a graph will be 
denoted by V. On the other hand, we will carry out local complementations of 
simple graphs which will be denoted by F, G or H. 

A transition at a vertex u is either a pair {u, e}, where e is a loop incident with u, 
or a set {u, e±, e<i\^ where t\ and e2 are distinct edges incident with u. A transition 
system (TS), intuitively, is a partition of the "half-edges" of the graph into pairs of 
adjacent ones. To avoid the difficulties of dealing with loops, we define transition 
systems by way of tour decompositions. 

A tour decomposition of an eulerian graph T is a set of edge-disjoint tours of 
T whose union exhausts all edges. Note that a tour uoe\Uie2U2--.e n induces the 
transitions {u^, e,, e^}, i = 0,...,n — 1. Given a tour decomposition of T, the 
associated transition system is the union of the sets of transitions induced by the 
tours. Since we can reconstruct the tours from the transition system, this is a 1-1 
correspondence. Two transition systems (and by extension their corresponding 
tour decompositions) are orthogonal if they are disjoint (we prefer "orthogonal" 
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to the rather vague "compatible"). Of course, such a comparison makes sense only 
when there are no vertices of degree two. Since isolated vertices are irrelevant to 
questions of orthogonality, we will only consider graphs of minimum degree 5 > 2. 
In this setting, a transition system completely determines the graph and we can 
talk about tours and cycles of transition systems without ambiguity. 
Settling a question raised by Nash- Williams, Kotzig [12] showed that for any 
transition system without loops there exists an orthogonal Euler tour. When 
loops are present, a necessary and sufficient condition for the existence of an 
orthogonal Euler tour is for all loop transitions (transitions of the form {u, e}) 
incident with vertices of degree 4 to be in the transition system. In [9], Jackson 
characterizes graphs having three pairwise orthogonal Euler tours. 
A natural question arises : when can we find a cycle decomposition orthogonal 
to a given transition system ? A trivial necessary condition is that the transition 
system must not contain transitions of the form {u, ei,e2}, where u is of degree 
two within the block (maximal 2-connected subgraph) containing {ei,e 2 } (in 
particular, loop transitions are excluded), because any cycle decomposition of 
the graph must contain these. A transition system satisfying this condition is 
said to be admissible. Many admissible transition systems admit orthogonal cycle 
decompositions. A notable exception is the transition system of K 5 decomposed 
into two 5-cycles. Sabidussi conjectures that if the transition system is induced 
by an Euler tour (in which case it is necessarily admissible), there always exists 
an orthogonal cycle decomposition. Much of what follows uses or is inspired by 
his work on the subject (see [14]). The results on complementation used in this 
article can be found in [8]. 

2.4. Transition graphs 

Definition 2.4.1. Let T be an eulerian graph of minimum degree 5 > 2 with tran- 
sition system S = {t u ^\u e V(T),i e {1, ^dr(u)}, where each t u ^ contains u. A 
transition graph (TG) of S is a graph T s satisfying ^(I^) = S, E(T S ) = E(T)UE', 
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where E' = {e' ui \u G V(Y),i = 1, |d r (u)}, with incidences defined as follows : 

e G -E'(r) is a non-loop edge incident with t u ^ and if t u ^ and t„ j are distinct 
and e G t M) j H t v j ; e is a loop incident with t u ^ if t u ^ = {u, e}, 

e' ui is incident with t u> i and i = 1, ^r(w) — 1 ; e^ dr ^ u ^ 2 is incident with 

t U) i and £ n ,cZ G (V)/2- 

In Figure 2.1, edges of the original graph are drawn as solid lines while the edges 
in E' are broken. To identify a transition in the transition graph, simply consider 
the vertex label together with the incident solid edges. 




Fig. 2.1. To the left, a graph with TS indicated by arcs. To the 
right, one of its TG's. 



Note that, in general, different orderings of the transitions of Y will give rise to 
different incidences for the edges in E' . In fact, the transition graph will be unique 
(up to isomorphism) if and only if all vertices of Y are of degree 4 or 6. Observe 
also that a transition graph of S has a natural transition system provided by 
the 2-factors induced by E(Y) and E' . The idea behind constructing a transition 
graph is that if we can find a cycle decomposition orthogonal to this new transition 
system, then, contracting the edges in E', we get a cycle decomposition orthogonal 
to S. Since all loop transitions of S are in the transition system of Ys, Kotzig's 
result tells us we can find an Euler tour orthogonal to the transition system of 
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T s . Notice that this tour will have successive edges alternating between the two 
2-factors (solid and broken edges). Accordingly, it is called an alternating tour. 
When writing it, we omit the edges and, since T s is 4-regular, we are left with a 
double occurrence word (each letter appears exactly twice). At this point, we can 
construct an alternance (or circle) graph. Alternance graphs have been studied 
in [3] [7] [15], for example. 

Definition 2.4.2. Given a double occurrence word w = a\...a,2 n made up of the 
letters ui,...,u n , the alternance graph of w is the simple graph with vertex set 
{«!,...,«„}, and with an edge between Ui and Uj if they alternate in w (i.e. if 
a k = a i = ^ and a r = a s = Uj with k < l,r < s then either k < r < I < s or 
r < k < s <l). 

Definition 2.4.3. An anticlique A of a graph G is a maximal independent set 
of vertices (i.e. no two vertices of A are adjacent while every vertex in V(G) \ A 
has a neighbour in A). 

Theorem 2.4.4 (Sabidussi [14] Theorem 5.1). Let T be a transition graph with 
E(T) = E U E' being the partition into the two 2-factors. Let w be (the double 
occurrence word of) an alternating tour of'T. Every anticlique A of the alternance 
graph ofw determines a cycle decomposition of'T into |^4| + 1 cycles. Moreover, if 
A is odd (i.e. consists of vertices of odd degree), the decomposition is alternating. 



Proof. Since any cyclic permutation of the letters of w gives rise to the same 
alternance graph, we can suppose that w = uaia2-..a r ua r+ i...a2n~2 with u G A. 
We can further suppose that a±, ...,a r A. Since A is a covering, we must have 
that ai,...,a r are all distinct. Split the tour w into the cycle uai...a r u and the 
tour ua r+ i...a 2n -2- If r is odd, then both the cycle and the new tour have an even 
number of edges and remain alternating. While u is not covered by A' = A \ {u}, 
it only appears once in the new tour and (replacing A with A) the result follows 
by induction on |^4|. □ 
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Given an arbitrary alternating tour, the corresponding alternance graph may or 
may not admit an odd anticlique. However, Sabidussi [14], extending Kotzig's 
work on ^-transformations [12], showed that any other alternating Euler tour can 
be obtained by a sequence of twists and switches. 
Definition 2.4.5. The u-twist (or twist at u) of the Euler tour 

w = uai...a r ua r+ i...a s 

is the Euler tour 

w' = ua r ...aiua r+ \...a s . 

Note that if w is alternating and r is even (i.e. u is of even degree in the alternance 
graph), then w' is also alternating. 

Definition 2.4.6. Given vertices u and v that alternate in the Euler tour 

w = ua\...a^v dk+i- ■■aiuai + i...a r v a r+ \...a s , 
the uv-switch of w is the Euler tour 

w' = uai...akva r+ i...a s uai + i...a r vak+i--.ai 

If w is alternating and / and r — k are odd (i.e. u, v are of odd degree in the al- 
ternance graph) then w' is also alternating. Also, a ww-switch has the same effect 
as successive twists at u, v and u. Looking at the alternance graph, the result of 
a w-twist is a local complementation with respect to u. 

2.5. Local complementation and pure graphs 

In the following, by a bicoloured graph is meant a simple graph with a {black, 
white}-colouring of its vertices. A closer look at local complementation and related 
results can be found in [8]. 



49 



Definition 2.5.1. The (local) complement of a bicoloured graph G with respect 
to a vertex a is a bicoloured graph Gu such that 

V(Gu) = V(G) 

E(Gu) = E(G)AE(K Ng ( u )) (symmetric difference) 

where K^ G ( U ) is the complete graph on the neighbourhood Nq(u). That is to say, 
the adjacency relation of Gu coincides with that of G except on Nq(u), where it 
is replaced by its complement. The bicolouring of Gu is defined to be the same 
as that of G if u is black in G ; if u is white in G, then it is obtained from the 
bicolouring of G by reversing the colours of the vertices in N G (u). 
Complementation is extended recursively to words in the alphabet V(G) by put- 
ting Gsu = (Gs)u, where s G V{G)* (= the set of all words on V(G)) and 
u e V{G). 

The symbol [uv] is short for uvu. 

For the purposes of the next definition, call a set a words W C V{G)* parity 
closed if 

(i) W contains the empty word ; 

(ii) if s G W and u is a white vertex of Gs, then su G W ; 

(iii) if s G W and u,v are adjacent black vertices of Gs, then s[uv], s[vu] G W. 

Clearly the intersection of parity closed sets is parity closed, hence there is a 

smallest parity closed set, denoted by W°(G). 

Definition 2.5.2. The parity class of a bicoloured graph G is 

[G] = {Gs\s G W°(G)}. 

An example of a parity class is given in Figure 2.2. There, G is a cycle of length 5 
on the vertex set {1, 2, 3, 4, 5} with all vertices coloured white. The other graphs 
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in [G] are identified by words in W°(G). These words are not unique : for example, 
G13 = G31. 




G3 G2 Gl G5 G4 




G2A G13 G25 GU G35 




G243 G132 G251 G145 G354 




G2514 G3541 G3542 G2431 G2513 




G13245 



Fig. 2.2. The parity class of the pentagon (with its natural colouring). 

If a simple graph is given its natural colouring, where vertices of even degree are 
white and vertices of odd degree are black, we can see that the colouring of each 
graph in its parity class is also natural. We now have that to each transition graph 
there corresponds a unique parity class, and our search for an alternating cycle 
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decomposition amounts to finding a black anticlique in some graph of the parity 
class. 

DEFINITION 2.5.3. A parity class is pure if it contains no graph with an anticlique 
of black vertices. By extension, its member graphs are also said to be pure. 
Up to local complementation, the two smallest connected pure graphs are the 
one-point graph and the pentagon with their natural colourings. 
Definition 2.5.4. A split in a graph G is a partition of its vertex set into V = 
V\ U V 2 , with at least two vertices in each Vi, such that all vertices in N(Vi) fl V 2 
are adjacent to all vertices in N(V2) fl Vi. A splitless graph is said to be prime. 
It can easily be checked that a split remains a split after local complementations 
(see [1]), so this is a feature of the whole parity class. 

Definition 2.5.5. A rooted bicoloured graph with root z is a couple (G, z), where 
z G V(G), G being a simple graph with a bicolouring defined on V{G) \ {z}. 
Whenever we mention rooted graphs in this paper, it will be understood that we 
are talking about rooted bicoloured graphs. 

Note that from a split V = Vi U V 2 of some bicoloured graph G, we can construct 
two rooted graphs as follows : let G\ (respectively G 2 ) be obtained from G by 
identifying the vertices of V 2 (respectively Vi) to a single new vertex z\ (respecti- 
vely z 2 ) which will be the root vertex of G\ (respectively G 2 ) and removing loops. 
G\ and G 2 are said to be induced by the split. 

Let G be a bicoloured graph with a split V = Vi U V 2 inducing the rooted graphs 
Gi and G 2 . We will construct six pairs of parity classes from G\ and G 2 and show 
that if any one pair consists of two pure parity classes then [G] is also a pure 
class. Because these constructions and proof are technical and hardly readable by 
themselves, we will, after giving the necessary definitions, discuss them by means 
of an example that illustrates all possibilities that may arise. 
Definition 2.5.6. Given a vertex v adjacent to a black vertex u of a bicoloured 
graph G, the complementation of G with respect to the set {u, v} is 
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G{u,v} 



Gvu if v is white, 
G[vu] if v is black. 



This is well defined because in the case where v is black, G[vu] = G[uv]. Comple- 
mentation with respect to a couple is a special case of set complementation (see 
[8])- 

Definition 2.5.7. Given a rooted graph G with root z, we define the following 
bicoloured graphs : 

rw(G) is obtained by colouring z white in G, 
rb(G) is obtained by colouring z black in G, 

rc(G) is obtained by complementing G at z as if z were white and colouring z 
black, 

lw(G) = G-z, 

lb(G) is obtained by complementing G at z as if z were white and then removing 

z, 

and lc v (G), given v adjacent to z, is obtained by colouring z black and letting 
lc v (G) = G{z,v}-z. 

rw(G),rb(G),rc(G) are called root graphs of G and lw(G),lb(G),lc v (G) are leaf 
graphs of G. 

Consider the following bicoloured graph : 

U\ Ug 

G 




u 5 

G has only one split (i.e. V\ = {1x1,^2,^3,^4}, V2 = {u5,Uq,U7,Us,u$}), which 
induces : 
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Gi u 2 





U4 Uq 

From these rooted graphs, we construct the bicoloured graphs rw(Gi), lw(G2), 
lw(G\) and rw(G 2 ) : 

rw{G 1 ) u 2 



lw(G x ) U 2 




We see that rw{G\) and lw(G 2 ) form a pair of pure root and leaf graphs. However, 
consider now what happens when we start with G' = Gui : 

Ml Ug 

G' 




In this case, the split induces : 

Ml 

G[ u 2 





and none of rw(G' 1 ), lw(G' 2 ), rw(G' 2 ), /w(G" 1 ) are pure. To find pure graphs again, 
we construct an {rb^G'j) , lb(G'j)} pair, in this case the root graph r6(G ?/ 1 ) and the 
leaf graph lb(G' 2 ) : 
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rb(G[) u 2 





Another situation presents itself when we start with G" = Gu\u^ : 



G" 



Ul 



u g 



u 2 



M 3 ( 



U4 



u 6 



Now the split induces 
G'l u 2 





and none of rw(G'-),rl(G"),rb(G"),lb(G") are pure, for {i,j} = {1,2}. We have 
to resort to the last type of construction : for example, the root graph lc(G") and 
the leaf graph lc ug (G 2 ) form a pure pair : 



rc{G'{) u 2 





U4 Uq 

While these constructions are unappealing, the good news is that we're done : 
any other graph H G [G] separated into rooted graphs Hi and H 2 (corresponding 
to V\ and V 2 respectively) by the split will yield a pair of pure graphs of the form 
{rw(Hi), lw(H 2 )}, {rb(Hi) , lb(H 2 )} or {rc(Hi), lc v (H 2 )}, as will be seen below. 
Definition 2.5.8. Let G be a simple bicoloured graph with a split V — V± U V 2 
inducing the rooted graphs (Gi,z±) and (G 2 ,z 2 ). An essential decomposition of 
G along this split is a pair of root and leaf graphs of the form {rw(Gi), lw(Gj)}, 
{rb(Gi),lb(Gj)} or {rc(Gj), lc v (Gj)}, where {i,j} = {1,2}, and v is adjacent to 



Zj. 
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Lemma 2.5.9. Let (G,z) be a rooted graph. If v,w G N G (z), then lc v (G) and 
lc w (G) are in the same parity class (i.e. lc w {G) G [lc v (G)]). 

Proof. Let H be the bicoloured graph obtained from G by colouring z black. 
For s G W°(lc v (G)) C W°(H{v,z}), we have lc v (G)s = H{v,z}s-z. Using local 
substitution rules (see [8]), consider the following three cases : 

if v 7^ w are both white in G, then [vw] G W°(lc v (G)), and wz ~# vvwz ~# 
so that lc w (G) = Hwz — z = Hvz[vz] — z = lc v (G)[vz] G [Zc^G)] ; 

if v and w are of different colours, say v is black and w is white, then wv G 
W°(lc v (G)) and wz ~# wzvv ~# [vz\wv ; 

if v ^ w are both black, then [vw] G W°(lc v (G)) and [wz] ~^ [i;^] . □ 

Definition 2.5.10. Given a bicoloured graph G = (V,E) with a split V = 
V\ U V2 inducing the rooted graphs (G\,zi) and (G2,z 2 ), the essential decompo- 
sitions of the parity class [G] along this split with respect to G are the pairs 
{[rw(Gi)}, [lw(Gj)]},{[rb(Gi)], [lb(Gj)]} and, if there is an edge between V\ and 
V 2 in G, {[rc(Gi)],[lc v (Gj)]}, where {i,j} = {1,2}. For convenience, if there is 
no edge between V\ and V 2 in G, the pair {[0], [0]}, where stands for the empty 
graph, is also called an essential decomposition of [G]. 

Let us write RwG,Lwc,RbG,LbG for [rw(Gi)],[/w(G 2 )],[r&(Gi)],[/5(G 2 )] respecti- 
vely. Let Rcq = [rc(Ci)] and Lcg = [/ct,(G 2 )] if there is an edge between V\ and V 2 
in G, or else set them equal to the trivial class [0]. To indicate the essential decom- 
positions obtained by interchanging V\ and V 2 , write Rw' G , Lw' G , Rb' G , Lb' G , Rc' G 
and Lc' G . The proof of the following is left to the reader : 

LEMMA 2.5.11. Let Gi,G 2 be identical bicoloured graphs except for a vertex u 
which is of different colour in G\ and G 2 . Let v be a black vertex adjacent to 
u. Consider Hi = G±{u, v} and H 2 = G 2 {u,v}. Then u is black in H 1 and H 2 , 



56 



and each of H i: H 2 can be obtained from the other by complementing at u and 
reversing the colouring on Nh^u) (i.e. by complementing as if u were white). 
Conversely, if Hi and H 2 are as described, then for v G Nq{u), Hi{u,v} and 
H 2 {u,v} differ only by the colour ofu. 

THEOREM 2.5.12. Let G be a bicoloured graph with a split V = ViLiV 2 . The 
essential decompositions of [G] along this split with respect to H G [G] are 
independent of the choice of H. To be more precise, the pairs {Rwh, Lwh}, 
{Rbn, Lbn}, {Rch, Lch} are identical to {Rwc, Lwg}, {Rba, Lbc}, {Rcg, Lcq} 
up to permutation, and the pairs {Rw' H , Lw' H }, {Rb' H , Lb' H }, {Rc' H , Lc' H } are iden- 
tical to {Rw' G , Lw' g }, {Rb'a, Lb' G }, {Rc' G , Lc' G } up to permutation. 

Proof. When there is no edge between V\ and V 2 in G, the result is trivial, 
so suppose V\ and V 2 are joined by an edge. We have that H = Gs for some 
s G W°(G). By induction, it suffices to consider the cases s = u, where u is 
a white vertex of G, and s = [xy], where x, y are adjacent black vertices of G. 
Let the split induce the rooted graphs (Gi, Zi), (G 2 , z 2 ) from G, and the roo- 
ted graphs (Hi,zi), (H 2 , z 2 ) from H. Let v G Ng 2 (z 2 ) and w G Nh 2 (z 2 ) so that 
Lcq = [lc v (G 2 )], Lch = [lc w (H 2 )]. We consider the following eleven cases. 

Case 1) white u eV 1 \ Nq^zi). 

rw(Hi) = rw(Gi)u, rb(Hi) = rb(Gi)u, rc(Hi) = rc(Gi)u, and since H 2 = G 2l 
lw(H 2 ) = lw(G 2 ), lb(H 2 ) = lb(G 2 ), and (choosing without loss of generality 
w = v) lc w (H 2 ) = lc v (G 2 ). 

Case 2) white u G N Gl (zi). 

ru)(ffi) = r&(Gi)u, lw(H 2 ) = lb(G 2 ), rb^) = rw^G^u, lb(H 2 ) = lw(G 2 ). 

Lemma 2.5.11 gives rc{Hi) = rc(Gi)[uzi] and, choosing w = v, lc w (H 2 ) = 
lc v {G 2 ). 
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Case 3) white u G Nq 2 {z 2 ). 

rw{H{) = nu(Gi)^i, lw(H 2 ) = lw(G 2 )u, rft(ifi) = rc(Gi), rc(#i) = rft(Gi). 
Choose w = f = -u, so that lc w (H 2 ) = lb(G 2 ) and lb(H 2 ) = lc v (G 2 ). 

Case 4) white u eV 2 \ N G2 (z 2 ). 

ru)(ffi) = rw(Gi), Ztu(ff 2 ) = lw(G 2 )u, rfc(#i) = rft(Gi), Z6(^T 2 ) = Z6(G 2 )u, 
rc(Hi) = rc(Gi). We can suppose that w = t> . To get lc w (H 2 ) = lc v (G 2 )u, let F 
be G 2 with z 2 white and verify the following, using local substitution rules : if 
v is black and [u,v] E(F), u[vz 2 ] ~ F [vz 2 ]u; if v is white and [u,v] ^ E(F), 
uvz 2 fz 2 M ; if v is black and [u,v] G E(F), uvz 2 ~^ [f^w ; if f is white and 
[u,v] G E(F), u\vz 2 ] r^ F vz 2 u. 

Case 5) adjacent black x, y G Vi \ N Gl (zi). 

rwiHj = rwiG^xy], lw(H 2 ) = lw(G 2 ), rb(H x ) = rb{Gi)[xy\, lb(H 2 ) = lb(G 2 ), 
rc(Hi) = rc(Gi)[xy], and choosing w — v, lc w (H 2 ) = lc v (G 2 ). 

Case 6) adjacent black 1,1/6 N Gl (zi). 

rw{H x ) = rw{Gi)[xy\, lw{H 2 ) = lw(G 2 ), rft(ifi) = r&(Gi)[xy], Z6(ff 2 ) = Z6(G 2 ), 
lc w {H 2 ) = lc v (G 2 ), and letting F be Gi with zi white, we get rc(Hi) = rc(Gi)uw 
by verifying that [xy\z\ ~f Zi^y. 

Case 7) adjacent black 1,1/6 Nq 2 {z 2 ). 

™( J ff 1 ) = nu(Gi), /u>(# 2 ) = Zw(G 2 )[xy], rft(ifi) = rft(Gi), rc(^i) = rc(Gi). 
Let F be G 2 with z 2 white and F' be G 2 with z 2 black. Since [xy]z 2 ~ F z 2 xy, 
lb(H 2 ) = lb(G 2 )xy. Choosing w — x, since [2;?/] [a;,^] ~f' [yz 2 ], lc w (H 2 ) = lc v (G 2 ). 

Case 8) adjacent black x, y G V 2 \ N G2 (z 2 ). 

rwiH,) = rw{Gi), lw(H 2 ) = lw(G 2 )[xy], rft(ifi) = r&(Gi), lb(H 2 ) = lb(G 2 )[xy], 
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rc{Hi) = rc(Gi), and choosing w — v, lc w (H 2 ) = lc v (G 2 )[xy]. 
Case 9) adjacent black x G Vi \ N Gl (zi) 7 y G A^^i). 

ra;^) = rwiG^xy], lw(H 2 ) = lw(G 2 ), rb^) = rb(G 1 )[xy], lb(H 2 ) = lb(G 2 ), 
rc(Hi) = rc(Gi)yx, and choosing w — v, lc w (H 2 ) = lc v (G 2 ). 

Case 10) adjacent black x G Vi, y e V 2 . 

By Lemma 2.5.11, rw(Hi) = rc(Gi)xzi, lb(H 2 ) = lb{G 2 )y and rc(Hi) = rw(Gi)zix 
rb(Hi) = rb(Gi)[xzi\. Choosing w = v = y, lc w (H 2 ) = lw(G 2 ) and lw(H 2 ) = 
lc v (G 2 ). 

Case 11) adjacent black x G N G2 (z 2 ), y e V 2 \ N G2 (z 2 ). 

nu(ffi) = nu(Gi), /w(iJ 2 ) = Zw(G 2 )[xy], r6(^i) = r6(Gi), rc(f^i) = rc(G 1 ). Let 
F be G2 with z 2 white. Since [xy]z 2 ~^ z 2 xy , lb(H 2 ) = lb(G 2 )xy. Choose w = y 
and let F' be G 2 with 2; 2 black. Since [xz 2 ] ~ F , [xy][z 2 y], lc w {H 2 ) = lc v (G 2 ). 

To sum up, complementing at a white u e Vi adjacent to V2 interchanges the 
sets {H%,Lwg} and {Rb G , Lb G }, complementing at a white u &V 2 adjacent to 
Vi interchanges {Rb G , Lb G } and {-Rcg, £cg}, and complementing with respect to 
an edge with incident black vertices in Vi and V2 interchanges {Rw G , Lw G } and 
{Rc G , Lc G }. All other basic (vertex or edge) parity complementations leave the 
classes unpermuted. □ 

The proof of the following is left to the reader : 

Lemma 2.5.13. Let A be an independent subset of the black vertices of a bicoloured 
graph G. Let v be adjacent to u G A. Then B = AA{u, v} is an independent subset 
of the black vertices of G{u,v}. Furthermore, N G (A) U A = Ng{ u ,v}(B) U B. 

Theorem 2.5.14. Let G be a simple bicoloured graph with a split V = Vi U V 2 
inducing the rooted graphs (Gi,zi) and {G 2 ,z 2 ). If any one of the six essential 
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decompositions of [G] along this split is a pair of pure parity classes, then [G] is 
pure. 

Proof. If G has no edge between V\ and V 2 , the result is trivial, so let v € 
Ng 2 { z 2)- By way of contradiction, suppose that G is not pure. Without loss 
of generality, G admits a black anticlique A and also one of {rw(Gi), lw(G2)}, 
{rb{Gi), lb(G 2 )} or {rc(Gi), lc v (G 2 )} is a pair of pure graphs. If An N Gl (z\) = 0, 
then Al~lV2 is a black anticlique of lw(G 2 ) and (AnVi)U{ui} is a black anticlique 
of rb(Gi) and rc(Gi). If not, then An%(^) = 0, An V\ is a black anticlique of 
rw(G\) and of rb{G\), and by Lemma 2.5.13, (An V 2 ) U {v} is a black anticlique 
ofZc(G 2 ). □ 




(i) (ii) (in) 



For (i) and (ii), consider the split V\ = {v 2 , v 3 , v&, v 5 }, V 2 = {vi,v e }. For (Hi), 
look at Vi = {ui, u 2 , v 3 , v 4 }, V 2 = {v 5 , v 6 , v 7 , v 8 , v 9 }. 

From example (i), we find that graph (iv) is pure (take V\ = {vi,v 3 ,v^, 
v 5, v 6} and V 2 = {v 2 ,Vj}) and, by induction, so is graph (v). 




(iv) (v) C 5 oK 2 
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The last of these naturally coloured pure graphs is of special interest, as we will see 
that it is an intermediate step of a correspondence between C5 and the transition 
system of K 5 consisting of two 5-cycles. The following is easily verified : 

PROPOSITION 2.5.15. Given H with split V = V\ U V 2 inducing Gi and G 2 , H is 
an alternance graph if and only if G\ and G 2 both are. 

Since the pentagon and K 2 (two isolated vertices) are alternance graphs, so is 
the lexicographic product C5 o K 2 . Considering the double occurrence word gi- 
ving rise to C5 o K 2 as an Euler tour of a transition graph, one of the 2-factors 
induced by the tour (taking every other edge) is made up of digons (2-cycles), 
each corresponding to a vertex of C 5 . Contracting this 2-factor results in K 5 and 
determines a transition system made of two 5-cycles. The different steps of the 
correspondence are depicted in Figure 2.3. 

In the circle representation of C5 o K 2 , the vertices are the chords and the edges 
are chord intersections. Note that we can read the double occurrence word along 
the perimeter of the circle. The third graph is obtained by contracting the chords 
of the circle representation. 

The transformation just described, starting from the pentagon and ending with 
a transition system of K 5 , generalizes naturally to a correspondence between 
parity classes of alternance bicoloured graphs and transition systems of 4-regular 
connected graphs. 

Definition 2.5.16. The double of a bicoloured graph G = (V, E) is the bicoloured 
graph with vertex set V x V(K 2 ), consisting of G o K 2 and the additional edges 
{[v', v"]\v black in G}, where v' and v" stand for (v,ui) and (v,u 2 ) and V(K 2 ) = 
{u\, u 2 }. The colour of v' and v" is chosen to be the same as that of v. 

Proposition 2.5.17. A bicoloured graph is pure if and only if its double is pure. 
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Transition graph Corresponding transition system 

Fig. 2.3. Correspondence between C5 and K 5 with a transition 
system made of two 5-cycles. 



Proof. We leave it to the reader to verify that if H is the double of G and u is 
white in G, or v and w are adjacent black vertices of G, then Hu' is the double 
of Gu, and H[v'w'] is the double of G[ot], respectively. Also, if v is black in G 
then H[v'v"] = H. By the symmetry of K 2 , this shows that [G] is in bijection 
with [H]. Furthermore, a black anticlique of H determines a black anticlique of 
G using the projection v',v" 1— > v, and a black anticlique A of G can be used to 
find a black anticlique of H by taking v' for each v e A. □ 

Note that a double is necessarily naturally coloured, and that the double of an 
alternance graph is also an alternance graph. The correspondence we mentioned 
goes like this : 
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parity class of a bicoloured alternance graph 

I 

parity class of its double 

T 

TG with a 2-factor consisting of digons 
I 

TS of a 4-regular connected graph 
Note that to generalize this to a 1-1 correspondence, we have to associate to 
each bicolored alternance graph one of its circle representations. Using Proposi- 
tion 2.5.17, we can now state the following fundamental relationship : 

THEOREM 2.5.18. A transition system of a connected 4-regular graph admits no 
orthogonal cycle decomposition if and only if the corresponding parity class is 
pure. 

Figure 2.4 shows some examples of pairs (parity class, TS), where the parity class 
is represented by one of its members. Note that the correspondence induces a 
bijection between the vertex set of the 4-regular graph and the vertex set of the 
bicoloured graph. The graphs are drawn to reflect this relationship. 
In the last two pure graphs, hiding on one side of the split, we recognize the 
pentagon. In the corresponding transition system, this pentagon becomes Flei- 
schner's tetrapus, and to each split, there corresponds a non-trivial edge-cut of 
size < 6. This is no coincidence. 

PROPOSITION 2.5.19. Let [G] be the parity class of a bicoloured alternance graph, 
with corresponding transition system defined on T. A partition V(G) — V\ U Vi is 
a split of G if and only if it determines a non-trivial edge-cut GofTof size 2 or 
4, and \Vi\, > 2. In this case, |C| =2 if and only if there is no edge between 
V\ and V 2 . 
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Fig. 2.4. Some pure alternance graphs and corresponding transi- 
tion systems. 



Proof, r being connected and 4-regular, the partition determines an edge cut C 
containing an even number of edges. C is also an edge cut of the transitition graph, 
partitioning S into Si U S 2 , where t G S\ •<=>- tC\V G V\. Let w be an alter- 
nating tour of the transition graph. Then the following statements are equivalent : 

(1) |C| = 2; 

(2) the tour is of the form w = WiW 2 where W\ G S{,w 2 G S% (words in the 
alphabets Si and 5*2 respectively) ; 

(3) there is no edge between V\ and V 2 in G. 



We can also verify the equivalence of 
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(4) |6|=4; 

(5) w = W1W2W3W4 where w±, w 3 e S± \ {0}, W2, E S% \ {0} ; 

(6) Ng(Vi) fl V 2 , A^ G (V2) n Vi are non-empty and there is every possible edge bet- 
ween the two sets. 

Furthermore, we have the equivalence of : 

(7) C is a trivial edge cut of T (say G = N r (u)) ; 

(8) without loss of generality Si = {ti , t 2 } where u e t± fl ti ; 

(9) each of w±, w 3 is either tit 2 or t 2 ti ; 

(10) Vi = {u}. □ 

2.6. An interpretation of Theorem 2.5.14 

At this point, let us revisit Definition 2.5.7 and give an interpretation of the root 
and leaf graph constructions in terms of transition systems when the rooted graph 
has the structure of an alternance graph : 

Definition 2.6.1. Given an eulerian graph T of minimum degree 5 > 2, a set 
of transitions S z of T is a transition system rooted at z G V(T) if no transition 
of S z contains z and S z can be completed to a transition system of T by adding 
transitions at z. Such a set is also called a z-transition system. 
Note that a z-transition system completely determines T so that we can talk about 
tours and cycles of rooted transition systems. Let (G, z) be a rooted graph such 
that the underlying simple graph is an alternance graph. Let S be the transition 
system corresponding to rw(G). First consider the situation where z is not isolated 
in G. Let t\ = {z, e±, e<i\ and t 2 = {z, &3, be the transitions of S containing z. 
We then have that S z — S \ {^1^2} is a z-transition system. S z can be completed 
to a transition system in three different ways, as shown in Figure 2.5. 
The associated transition graphs differ as follows : 



65 




ei/ e 2 / \e 3 \e 4 




U 



ei/ e 2 / \e 3 \e 4 




ei/ e 2 / \e 3 \e 4 



Fig. 2.5. The possible pairs of transitions at z. 




e/ e 2 /£xe 3 \e 4 e/ e 2 




Fig. 2.6. The corresponding transition graphs. 

Let a be an alternating Euler tour of T s corresponding to rw(G). Since z is white 
in rw(G), a is of the form tie / t 2 e 3 cre 4 t 2 e"tie 2 rei, where a and r are appropriate 
sequences of vertices and edges. We then have that the alternating Euler tours (3 = 
t 3 e't 4 e 3 cre 4 t 3 e"t 4 e 2 rei of T T and 7 = t 5 e / t 6 e 4 o" _1 e 3 t5e"t 6 e 2 rei of (where c -1 is 
a in reverse order) correspond to the root graphs rb{G) and rc(G), respectively. 
In the case where z is isolated in G, let t\ = {z,ei,e 3 } and t 2 = {z,e 2 } be the 
transitions of S at z. The ^-transition system S z = S \ {ti,t 2 } can be completed 
to a transition system in only one other way, as seen in Figure 2.7. 





Fig. 2.7. When z is isolated in the bicoloured graph. 



Given an Euler tour a = tie / t 2 e 2 t 2 e"tie 3 rei of Ts corresponding to rw(G), f3 = 
t 3 e't 4 e 2 t 3 e"t 4 e 3 re 3 is an Euler tour of T T corresponding to rb(G). 
Thus we see that to each rooted alternance graph (G, z) there corresponds a 
unique connected 4-regular rooted transition system S z , and that the root graphs 
of G are in correspondence with the different ways the rooted transition system 
can be completed. A similar analysis reveals that the leaf graphs of G are in 
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Fig. 2.8. The corresponding transition graphs. 



correspondence with the different transition systems that can be obtained from 
S z by identifying the edges incident with z two by two. 

We are now in a position to interpret Theorem 2.5.14 in terms of transition 
systems. Let a bicoloured alternance graph G have an essential decomposition 
into a pair of pure root and leaf graphs Hi and H 2 , where V{G) — V\ U V 2 is 
a split of G inducing the rooted graphs (Gi,zi) and (G 2 ,z 2 ), such that Hi is a 
root graph of Gi, and H 2 is a leaf graph of G 2 . Let S Z1 and S Z2 be the rooted 
transition systems corresponding to G\ and G 2 . It can be verified that if the 
transition system corresponding to Hi is S Zl U {{zi, ei, e 2 }, {zi, e%, e^}}, then the 
transition system corresponding to H 2 is obtained from S Z2 by identifying ei with 
e 2 , and with e^. 

2.7. PRIMITIVITY OF PURE BICOLOURED GRAPHS 

Definition 2.7.1. A family 5F of parity classes is closed, if for each bicoloured 
graph G, whenever 

i) G admits an essential decomposition {Hi,H 2 } such that [Hi], [H 2 ] e 3, or 

ii) G has a component Gi such that [Gi] G 3", 



then [G] £ 3. 
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The intersection of closed families of parity classes is closed, hence given any 
family 5F of parity classes, we can define the closure ^ of ^ to be the smallest 
closed family of parity classes containing H subset. 

Note that similar definitions can be made when we restrict our attention to parity 
classes of bicoloured alternance graphs. Accordingly, some of the following results 
have an equivalent formulation in the context of alternance graphs. 
DEFINITION 2.7.2. A pure graph G (or its class [G]) is primitive if for any family 
£F of pure classes, [G] G 5F implies [G] G 9 r . 

Conjecture 2.7.3. All primitive pure graphs are prime. 

Recall that from a rooted graph we can construct up to three different root 
graphs (two if the root vertex is isolated). Of course, any bicoloured graph G can 
be viewed as a root graph : for a given vertex u of G, let (G, u) be the rooted 
graph obtained by restricting the colouring of G to V{G) \ {«}, then G is either 
rw(G') or rb(G'). We call the root graphs constructed from (G, u) the root graphs 
induced by u from G. 

Definition 2.7.4. Given a pure graph G, a vertex u of G is critical if one of the 
root graphs induced by u is not pure. 

Given a bicoloured graph G and u G V{G) inducing the root graphs Gi,G 2 
and G 3 , we have, as a corollary of Theorem 2.5.12, that S = {[Gi], [G 2 ], [G3]} is 
invariant over [G] (i.e. if u induces the root graphs Hi, H 2 and if 3 from He [G], 
then {[Hi], [H 2 ], [H 3 ]} = S). This gives us : 

Proposition 2.7.5. The set of critical vertices of a pure graph G is invariant 
over [G]. 

PROPOSITION 2.7.6. Let u be a critical vertex of a pure graph G. Of the root 
graphs induced by u, only G is pure. 

Proof. If u is isolated, the result is trivial. Suppose, by way of contradiction, 
that u is not isolated and that only one root graph induced by u is not pure. Let 
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G' be the rooted graph obtained by restricting the bicolouring of G to V(G) \ {u}. 
By Proposition 2.7.5, we can suppose that one of rw(G'), rb(G') or rc(G') has 
a black anticlique A. If A is a black anticlique of rw(G'), then it is also a black 
anticlique of rb(G'). If A is a black anticlique of rb(G') but not of rw(G'), then 
it is one of rc(G'). If A is a black anticlique of rc{G') but not of rb(G f ), then it is 
one of rw(G')u. All cases lead to a contradiction. □ 

Definition 2.7.7. A vertex u of a pure graph G is said to be tight if there exists 
H G [G] such that H — u has a black anticlique. A pure graph is tight if every 
critical vertex is tight. The parity class is then also said to be tight. 
Obviously, a tight vertex is also critical. It is easy to verify that the one-point 
graph and the pentagon with their natural colourings are tight. 

PROPOSITION 2.7.8. A vertex u of a pure graph G is tight if and only if G — u is 
not pure. 

Proof. One side is clear. Let S be a complementation set of G (see [8]) such 
that GS — u has a black anticlique A. If u ^ S, then S is a complementation set 
of G' = G — u and A is a black anticlique of G'S (= GS — u). If u G S, since u 
is white in GS (by the purity of G), S' — S \ {u} is a complementation set of G, 
and then also a complementation set of G' = G — u. Since u ^ N GS (A) (again by 
the purity of G), A is a black anticlique of G'S'. □ 

Consider the closure 5" of a family 3 of parity classes. Given a parity class [G] G 9 r , 
the following possibilities may arise : 

(1) [G] is in 9; 

(2) G is disconnected, in which case G has a connected component whose parity 
class is in ^ ; or 
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(3) G has an essential decomposition into two graphs H 1 and H 2 such that 

m,[H 2 ]eW. 

This analysis can be applied recursively to the resulting smaller graphs ("factors") 
with parity classes in 3\ The whole process is called an ^-factorization of G (or 
more precisely, an essential £F- factorization) . For the purposes of the following 
proposition, given [G] G "J, where 5F is a family of pure graphs, call a vertex u of 
G factor-essential if every pure factor H of an ^-factorization such that u G H 
is connected. 

PROPOSITION 2.7.9. Let 9 r be a family of parity classes that are primitive, pure 
and tight. Let [G] G 3 be such that all primitive pure graphs of smaller order than 
G have their parity class in 9 r . // u G V{G) is factor-essential, then u is a tight 
vertex of G. 

Proof. First note that any critical vertex is factor-essential, so that the truth of 
the statement for a given graph implies that it is tight. We proceed by induction 
on the order of G. The statement is true if [G] G 3\ If G is not connected, then, 
by the induction hypothesis, u is a tight vertex of the component that contains it. 
Since the other components are not pure, u is also tight in G. VLG is connected but 
[G] ^ ^F, then it has an essential decomposition into the pure root graph Hi and 
the pure leaf graph H 2 where [Hi], [H 2 ] G 3\ Suppose that the corresponding split 
is V{G) — Vi U V 2 , inducing the rooted graphs (Gi, z\) and (G 2 , z 2 ). Without loss 
of generality, Hi = rw{Gi) and H 2 = lw(G 2 ) (because of the presence of white 
vertices in Hi and H 2 , we can always locally complement G to reach this kind of 
decomposition). 

Consider the case where u G V 2 . Since u is factor-essential in G, Zi is factor- 
essential in Hi. By the induction hypothesis, Zi is a tight vertex of Hi and we 
can suppose that Hi — zi has a black anticlique. Since u has to be factor-essential 
in H 2 , it is a tight vertex of H 2 and we can suppose that H 2 — u has a black 



70 



anticlique. Taking the union of the anticliques, we see that u is a tight vertex of 
G. 

There remains the case where u G V\. Since u is factor-essential in G, it is factor- 
essential in Hi and thus tight in H 1 . Let S be a complementation set of Hi — u 
such that H 1 S — u has a black anticlique A. We can suppose that z\ ^ A : if 
it is, take i> G iVff 1 s(2i) (which is not empty, since ifi is connected, and does 
not contain u, by the purity of Hi) and replace 5 with S' = SA{zi,v}, then 
A' = AA{zi, v } is a black anticlique of HiS' — u such that zi ^ A'. Suppose that 
either one of rw{G 2 ) or rb(G 2 ) is pure. Then the purity of H 2 implies that z 2 is 
not tight (therefore not critical) and both rw{G 2 ) and rb(G 2 ) are pure. However, 
this would mean that z 2 is not factor-essential in rw(G 2 ), which would contradict 
the fact that u is factor-essential in G. Thus neither one of rw(G 2 ) and rb(G 2 ) 
is pure. If Z\ G S, let S' be a complementation set of F — rw(G 2 ) such that 
FS' has a black anticlique A'. Without loss of generality (following an argument 
similar to the z\ case), z 2 S'. By the purity of H 2 , z 2 G A' (i.e. it has changed 
colour). Then S" — S U S" is a complementation set of G such that A\J A'\ {z 2 } 
is a black anticlique of GS" — u, and u is a tight vertex of G. If zi ^ 5, let S" 
be a complementation set of F — rb(G 2 ) such that FS' has a black anticlique 
A'. Without loss of generality, z 2 S'. By the purity of H 2 , z 2 G A' (its colour 
has not changed). Then S" — S U S' is a complementation set of G such that 
j4u4' \ {z 2 } is a black anticlique of GS" — u, and u is a tight vertex of G. □ 

COROLLARY 2.7.10. Let 3 be a family of parity classes that are primitive, pure 
and tight. Let G be a smallest primitive pure graph such that [G] ^ 9 r . Then G 
has no essential decomposition into a root graph Hi and a leaf graph H 2 such that 
Hi is pure. 

Proof. Suppose, by contradiction, that V(G) — Vi U V 2 is a partition inducing 
the rooted graphs (Gi,zi) and (G 2 ,z 2 ) and such that Hi is a pure root graph of 
Gi and H 2 is the corresponding leaf graph of G 2 . The minimality of G forces Hi 
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to be in 3 r . If Z\ is not critical in Hi, then it has an essential factorization such 
that at least one pure graph contains z\ but has a pure component not containing 
Z\. But then G 6 J, contradicting the primitivity of G. Therefore z\ is a tight 
vertex of Hi, and G is pure if and only if H 2 is pure, contradicting either the 
purity or the primitivity of G. □ 

A corresponding statement is obtained by considering only alternance graphs : 

Corollary 2.1.11. Let 5F be a family of alternance parity classes (parity classes 
of bicoloured alternance graphs) that are primitive, pure and tight. Let G be a 
smallest primitive pure alternance graph such that [G] ^ 3\ Then G has no es- 
sential decomposition into a root graph Hi and a leaf graph H 2 such that Hi is 
pure. 

Theorem 2.7.12. A smallest primitive pure alternance graph different from the 
white one-point graph and the graphs in the parity class of the white pentagon 
must be prime. 

Proof. Suppose, by way of contradiction, that such a bicoloured graph G has 
a split V — Vi U V 2 inducing the rooted graphs (Gi,zi) and (G 2 ,z 2 ). Let S Zl be 
the Zi-transition system corresponding to G\ and S Z2 the ^-transition system 
corresponding to G 2 . We have seen that the transition system S corresponding 
to G has an edge-cut of size 2 or 4 separating Vi from V 2 . In fact, since G is 
primitive (and thus connected), this cut contains four edges. Clearly, these are 
the edges, say ei,e 2 ,es and e±, that are incident with z\ in S Zl and incident with 
z 2 in S Z2 . Consider the number n(S z ) of partitions into pairs of the edges incident 
with z that can be extended to an orthogonal cycle decomposition of the rooted 
transition system S z . By Corollary 2.7.11, n(S zl ), n(S Z2 ) > 1. By the pigeonhole 
principle, at least one partition of the set {e 1 , e 2 , e 3 , e 4 } into pairs of edges can be 
extended to an orthogonal cycle decomposition of S. □ 

The following is essentially Conjecture 12 in [6], due to Fleischner and Jackson : 
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Conjecture 2.7.13. IfT^K b (with 5 > 2) has no non-trivial edge cut of size 

< 6, then any transition system ofT admits an orthogonal cycle decomposition. 

CONJECTURE 2.7.14. The only connected prime pure alternance graphs are the 
white one-point graph and those in the parity class of the white pentagon. 

The two conjectures are equivalent : a connected prime pure alternance graph 
gives rise to a 4-regular transition system without non-trivial edge cuts of size 

< 6, while a counter-example to Conjecture 2.7.13 would imply the existence of 
at least one new primitive pure alternance graph, the smallest of which must 
be prime. In addition to providing a characterization of transition systems with 
orthogonal cycle decompositions, the truth of Conjectures 2.7.13 and 2.7.14 would 
imply the following : 

Conjecture 2.7.15 (Cycle Double Cover Conjecture). For every bridgeless graph 
(i.e. without edge-cuts of size one) there is a family of cycles of this graph such 
that every edge belongs to exactly two cycles of the family. 

The idea is that a counter-example G, minimal with respect to the number of 
edges, would be 3-regular and cyclically 6-edge-connected. Contracting a 1-factor 
(which exists by Petersen's Theorem) and choosing the transition system induced 
by the remaining 2-factor of G, we get a 4-regular graph without non-trivial 
edge cuts of size < 6. By Conjecture 2.7.13, we obtain a cycle decomposition 
orthogonal to the transition system. Completing it with edges of the 1-factor, 
this decomposition extends to a family of cycles of G covering the 1-factor twice 
and the 2-factor once. Throwing in the cycles of the 2-factor, we get a cycle double 
cover of G. Alternatively, as pointed out by Jaeger (see [11]), we can take the line 
graph of G with transition system inducing the triangles corresponding to the 
vertices of G. This is another transition system of a 4-regular graph without non- 
trivial edge cuts of size < 6. A cycle decomposition orthogonal to this transition 
system extends naturally to a cycle double cover of G, and vice versa. 
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Fig. 2.9. A transition system constructed from the Petersen graph 
and some associated bicoloured graphs. 



To illustrate the preceding argument, here is how we can rule out the Petersen 
graph as a counter-example to the Cycle Double Cover Conjecture : contracting a 
1-factor yields our familiar K 5 with a 5-cycle decomposition, corresponding to the 
pure class of the pentagon. However, taking the line graph approach, we obtain 
a parity class which admits black anticliques. 

In Figure 2.9, we give two highly symmetric representatives of this class. Black 
anticliques can be found by taking the inner five vertices of the first graph or the 
outer five vertices of the second one. 

It is easy to see from the correspondence that it suffices to prove Conjecture 2.7.13 
for 4-regular graphs. Furthermore, any counter-example must contain a i^-minor 
(Fan and Zhang [4]). 
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Two more primitive pure classes are known. We have that [Z 13 ] and [Zn] are pure 
classes, where Z i3 and Zn are the naturally coloured Cayley graphs Cay(Zi 3 , ±{1, 3, 4}) 
and Cay(Z 17 , ±{1, 5}). However, while prime, the members of [Z 13 ] and [Z 17 ] are 
not alternance graphs. 




Fig. 2.10. The primitive pure graphs Z 13 and Z 17 . 

[Zi 3 ] and [Zn] contain 39 and 1069 graphs respectively, up to isomorphism. Many 
more graphs were tested by computer, with the focus on vertex-transitive graphs. 
I tend to believe these four primitive pure classes are exhaustive but this is defi- 
nitely an open question. Parity classes are subsets of complementation classes, in 
which complementation is allowed at black vertices as well as at white vertices. 
Isotropic systems are a generalization of 4-regular graphs and dual binary ma- 
troids. Bouchet [2] showed how the set of isotropic systems can be put in bijection 
with the set of complementation classes of naturally coloured graphs. Perhaps a 
new algebraic object akin to isotropic systems can be put in bijection with parity 
classes. This might help to characterize primitive pure graphs and settle the Cycle 
Double Cover Conjecture. 
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CONCLUSION 



Le theoreme de decomposition essentielle (theoreme 2.5.14 du deuxieme article) 
est le theoreme fondamental de la theorie des graphes purs. Grace a lui, l'etude 
des graphes purs se resume a l'etude des graphes purs primitifs. Nous proposons 
que ces derniers sont premiers (conjecture 2.7.3 du meme article). 
Etant donne la correspondance canonique entre les systemes de transitions 4- 
reguliers connexes et les classes de parite de graphes de cordes bicolories, l'etude 
des systemes de transitions sans decompositions en cycles est equivalente a l'etude 
des graphes de cordes purs primitifs. 

Une meilleure comprehension de la purete passe probablement par une generali- 
sation des systemes de transitions 4-reguliers connexes. Le principal interet d'une 
caracterisation des graphes purs (ne serait-ce que celle des graphes de cordes purs) 
reside dans son eventuelle contribution a la resolution de la conjecture de double 
recouvrement. 



Annexe A 



CLASSE DE PARITE DES PENTAGONES 

SIAMOIS 
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G0213 G0216 



G0314 



G0651 



G0245 




G5802 G1324 G1326 





G1576 G02134 G02136 






G13245 G13246 G13576 
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G14576 G132460 G132580 




G0213465 G0215834 G0213657 




G0341576 G1324576 G13245760 




G02145768 G13245768 G132457680 



Tout autre graphe de la classe de parite de G est isomorphe a un de ces 60 
representants non isomorphes. On peut verifier que la classe est pure en s'assurant 
qu'aucun de ces graphes n'a d'anticlique noire. 



Annexe B 



CLASSE DE PARITE DE CAY(Zi 3 , ±{1,3,4}) 



83 




G1C02 



G051C 




G4A02 G2960 



85 




86 




G02168C 



G134C07 




88 




G054A92 G0BA462 



89 




G06A592 G021354697A8BC 



Les trente-neuf premiers graphes sont des representants non isomorphes de la 
classe de parite de G, le graphe pur sommet transitif naturellement colorie d'ordre 
treize. Le dernier graphe est l'inverse de G. 



Annexe C 



PROGRAMMES 



Cette annexe comprend les listings des differents logiciels qui ont ete ecrits dans le 
cadre de cette these. Ces programmes ont ete congus afin de generer des graphes 
et d'en tester la purete. 

Les structures de donnees standard utilisees sont tirees de [AHU]. La structure 
«coloriage» et ses methodes sont bases sur l'algorithme de test d'isomorphisme 
que Ton retrouve dans [Ba]. 

makefile 
circulante.cpp 

inverse, cpp 
isomorphes.cpp 
pur. cpp 
bg_liste.hpp 
classe de parite.hpp 
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graphe.hpp 
keytype.hpp 
bg_liste.cpp 
bigraphe.cpp 
classedeparite.cpp 
coloriage.cpp 

graphe.cpp 
keytype.cpp 

vertex. cpp 
vset.cpp 
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